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A view on separation axioms in an ordered 
intuitionistic fuzzy bitopological space 

R. Narmada Devi'f, E. Roja^ and M. K. Uma* 

Department of Mathematics, Sri Sarada College for Women, 

Salem, Tamil Nadu, India 
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Abstract In this paper we introduce the concept of a new class of an ordered intuitionistic 
fuzzy bitopological spaces. Besides giving some interesting properties of these spaces. We also 
prove analogues of Uryshon’s lemma and Tietze extension theorem in an ordered intuitionistic 
fuzzy bitopological spaces. 

Keywords Ordered intuitionistic fuzzy bitopological space, lower (resp. upper) pairwise int 
-uitionistic fuzzy Gs-a-locally Tj-ordered space, pairwise intuitionistic fuzzy Gs-a-locally T\- 
ordered space, pairwise intuitionistic fuzzy Gs-a-locally T 2 -ordered space, weakly pairwise in 
-tuitionistic fuzzy Gs-a-locally T 2 -ordered space, almost pairwise intuitionistic fuzzy Gs-a - lo 
-cally T 2 -ordered space and strongly pairwise intuitionistic fuzzy Ga-a-locally normally order 
-ed space. 

2000 Mathematics Subject Classification: 54A40, 03E72. 



§1. Introduction 

The concept of fuzzy sets was introduced by Zadeh I 12 l . Fuzzy sets have applications in 
many fields such as information I 10 ! and control I 11 !. The theory of fuzzy topological spaces was 
introduced and developed by Chang . The concept of fuzzy normal space was introduced by 
Bruce Hutton I 5 1 . Atanassov I 1 ! introduced and studied intuitionistic fuzzy sets. On the oth- 
erhand, Coker ['1 introduced the notions of an intuitionistic fuzzy topological space and some 
other concepts. The concept of an intuitionistic fuzzy a-closed set was introduced by Biljana 
Krsteslrka and Erdal Ekici M. G. Balasubramanian was introduced the concept of fuzzy G$ 
set. Ganster and Relly used locally closed sets ^ to define LG-continuity and LG-irresoluteness. 
The concept of an ordered fuzzy topological spaces was introduced and developed by A. K. Kat- 
saras I 9 1. Later G. Balasubmanian ^ was introduced and studied the concepts of an ordered 
L - fuzzy bitopological spaces. In this paper we introduced the concepts of pairwise intuitionistic 
fuzzy G^-a-locally Xj-ordered space, pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space, 
weakly pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space, almost pairwise intuitionis- 
tic fuzzy G^-a-locally T 2 -ordered space and strongly pairwise intuitionistic fuzzy G^-a-locally 
normally ordered space are introduced. Some interesting propositions are discussed. Urysohn’s 
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lemma and Tietze extension theorem of an strongly pairwise intuitionistic fuzzy G^-a-locally 
normally ordered space are studied and established. 



§2. Preliminaries 

Definition 2.1.^ Let X be a nonempty fixed set and / is the closed interval [0, 1]. An 
intuitionistic fuzzy set ( IFS ) A is an object having the form A = {(a;, ha(x), 7 a(x)) : 2 £ A'}, 
where the mapping ha ■ X — > I and 7^4 : X — > I denote the degree of membership (namely 
Ha{ x)) and the degree of nonmembership (namely 7 a(x)) for each element x £ X to the set 
A respectively and 0 < ha(x) + 7 , 4 ( 2 ) < 1 for each x £ X. Obviously, every fuzzy set A on a 
nonempty set A ' is an IFS of the following form, A = {( 2 , Ha(x), 1 — ha(x)) : x £ A}. For 
the sake of simplicity, we shall use the symbol A = (x, ha, 7 a) for the intuitionistic fuzzy set 
A = {(x, ha(x), 7 a(x)) : x £ A}. 

Definition 2.2J 7 ! Let A be a nonempty set and the IFSs A and B in the form A = 
{( 2 , Ha{x), 1a{x)) : 2 £ A}, B = {( 2 , Hb(x), 7 B (x)) : x £ A}. Then 

(i) A C B iff ha{x) < hb{ 2 ) and 7 a ( 2 ) > 75 ( 2 ) for all 2 £ A, 

(ii) A = {( 2 , 7 a(x), Ha(x)) : 2 £ A}. 

Definition 2.3. t 7 l The IFSs Cb and 1^ are defined by Cb={( 2 , 0, 1) : x £ A'} and 
U={( 2 , 1, 0) : 2 £ A}. 

Definition 2.4. [ ^ An intuitionistic fuzzy topology ( IFT ) on a nonempty set A is a family 
r of IFSs in A satisfying the following axioms: 

(i) Cb, 1 ~ £ r, 

(ii) Gi fl G 2 £ t for any Gi , G 2 £ r, 

(iii) U Gi £ t for arbitrary family {G.j | i £ 1} C t. 

In this case the ordered pair (A', r) or simply by A' is called an intuitionistic fuzzy topo- 
logical space ( IFTS ) on A and each IFS in r is called an intuitionistic fuzzy open set (IF OS). 
The complement A of an IFOS A in X is called an intuitionistic fuzzy closed set ( IFCS ) in 

A. 

Definition 2.5. 1 7 1 Let A be an IFS in IFTS X. Then 

int(A) = IJIG | G is an IFOS in A and G C A} is called an intuitionistic fuzzy interior 
of A; 

clA = fj{G | G is an IFCS in A and G A A} is called an intuitionistic fuzzy closure of A. 

Definition 2.6. ^ Let A be an IFS of an IFTS X. Then A is called an intuitionistic 
fuzzy a-open set ( IFaOS ) if A C int(cl(int(A))). The complement of an intuitionistic fuzzy 
a-open set is called an intuitionistic fuzzy a-closed set ( IFaCS ). 

Definition 2.7.^ Let (A', r) and (A, cfr) be two IFTSs and let / : A — > Y be a function. 
Then / is said to be fuzzy continuous iff the preimage of each IFS in cf> is an IFS in r. 

Definition 2.8J 3 ! A L-fuzzy set /1 in a fuzzy topological space A is called a neighbourhood 
of a point 2 £ A, if there exists an L-fuzzy set hi with hi < A* and Hi ( x ) > 0. It can be shown 
that a L-fuzzy set /i is open h is a neighbourhood of each 2 £ A for which h( 2 ) > 0. 

Definition 2.9. ^ 3 1 The L-fuzzy real line R(L ) is the set of all monotone decreasing elements 
A £ L r satisfying V{A(t) | t £ R} = 1 and A{A(t) | t £ R} = 0, after the identification of 
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A, n £ L R iff X(t — ) = n(t—) and A (t+) = n(t+) for all t £ R where A(t— ) = A{A(s) | s < t} 
and A (f+) = V{A(s) | s > t}. 

Definition 2. 10. 1 3 ! The natural L-fuzzy topology on R(L) is generated from the subbasis 
{L t , Rt \t £ i?}, where L t [X]=X(t— )' and i?t[A]=A(t+)'. 

Definition 2.11.I 3 ! A partial order on R{L) is defined by [A] < [/i\ <=$■ \(t — ) < n{t—) and 
A(t+) < n(t+) for all t £ R. 

Definition 2.12.! 3 ! The L-fuzzy unit interval I(L) is a subset of R(L) such that [A] £ I(L) 
if A(t) = 1 for 0 < t and X(t) = 0 for t > 1. It is equipped with the subspace L- fuzzy topology. 

Definition 2.13.! 3 ! Let ( X , r) be an L - fuzzy topological space. A function / : X — > R{L) 
is called lower (upper) semicontinuous if / _1 (f? t )(/ _1 (L t )) is open for each t £ R. Equivalently 
/ is lower (upper) semicontinuous <£=> it is continuous w. r. t the right hand (left hand) L- 
fuzzy topology on R(L) where the right hand (left hand) topology is generated from the basis 
{Rt | t £ R}({L t | t £ R}). Lower and upper semi continuous with values in I(L) are defined 
in the analogous way. 

Definition 2.14.I 3 ! A L- fuzzy set A in a partially ordered set X is called 

(i) Increasing if x < y => A(a;) < A (y), 

(ii) Decreasing if x < y => A(x) > A (y). 

Definition 2.15J 2 ! Let (A', T ) be a fuzzy topological space and A be a fuzzy set in X. 
Then A is called fuzy Gg if A = A^Ai where each A,; £ T. The complement of fuzzy Gg is 
fuzzy Fa- 

Definition 2.16.1 s ! A subet A of a space (A, r) is called locally closed (briefly lc) if 
A = C ft D, where C is open and D is closed in (A', r). 

§3. Ordered intuitionistic fuzzy G^-ct-locally bitopological 
spaces 

In this section, the concepts of an intuitionistic fuzzy Gg set, intuitionistic fuzzy a-closed 
set, intuitionistic fuzzy G^-a-locally closed set, upper pairwise intuitionistic fuzzy G^-a-locally 
Tf-ordered space, lower pairwise intuitionistic fuzzy G^-a-locally Tf-ordered space, pairwise 
intuitionistic fuzzy G^-a-locally Ti-ordered space, pairwise intuitionistic fuzzy G^-a-locally 
T 2 -ordered space, weakly pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space, almost 
pairwise intuitionistic fuzzy G^-a-locally TVordered space and strongly pairwise intuitionistic 
fuzzy G^-a-locally normally ordered space are introduced. Some interesting propositions and 
characterizations are discussed. Urysohn’s lemma and Tietze extension theorem of an strongly 
pairwise intuitionistic fuzzy G^-a-locally normally ordered space are studied and estabilished. 

Definition 3.1. Let (X, T ) be an intuitionistic fuzzy topological space. Let A = 
{. x , H'Ai 7 a) be an intuitionstic fuzzy set of an intuitionistic fuzzy topological space X. Then 
A is said to be an intuitionistic fuzzy Gg set (in short, IFGg S) if A = fli^i A j, where each 
Ai £ T and A» = (x, n Ai , 7 At)- 

The complement of intuitionistic fuzzy Gg set is said to be an intuitionistic fuzzy F a set 
(in short, IFF a S). 
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Definition 3.2. Let (X, T ) be an intuitionistic fuzzy topological space. Let A = 
(x, ha, 1 a) be an intuitionistic fuzzy set on an intuitionistic fuzzy topological space (X, T). 
Then A is said be an intuitionistic fuzzy G^-a-locally closed set (in short, IFGs-a- lcs) if 
A = B n C, where B is an intuitionistic fuzzy Gs set and C is an intuitionistic fuzzy a-closed 
set. 

The complement of an intuitionistic fuzzy G^-a-locally closed set is said to be an intuition- 
istic fuzzy G^-a-locally open set (in short, IFG$-a- los). 

Definition 3.3. Let (X, T ) be an intuitionistic fuzzy topological space. Let A = 
(x, ha, 7 a) be an intuitionistic fuzzy set in an intuitionistic fuzzy topological space (X, T). The 
intuitionistic fuzzy Ga-a-locally closure of A is denoted and defined by I FGs-a-lcl(A)=f){B : 
B = (x, hb, 7 b) is an intuitionistic fuzzy G^-a-locally closed set in A' and A C B}. 

Definition 3.4. Let (X, T) be an intuitionistic fuzzy topological space. Let A = 
( x , ha, 7 a) be an intuitionistic fuzzy set in an intuitionistic fuzzy topological space (X, T). The 
intuitionistic fuzzy G^-a-locally interior of A is denoted and defined by IFGs-a-lint(A)={J{B: 
B = (x, hb, 7 b) is an intuitionistic fuzzy G^-a-locally open set in A' and B C A}. 

Definition 3.5. An intuitionistic fuzzy set A = (x, ha, 7 a) in an intuitionistic fuzzy 
topological space (X, T) is said to be an intuitionistic fuzzy neighbourhood of a point x € X, 
if there exists an intuitionistic fuzzy open set B = (x, hb, 7b) with B C A and B{x) 7 0^,. 

Definition 3.6. An intuitionistic fuzzy set A = (x, ha, 7 a) i n an intuitionistic fuzzy 
topological space (X, T) is said to be an intuitionistic fuzzy G^-a-locally neighbourhood of a 
point x £ X, if there exists an intuitionistic fuzzy G^-a-locally open set B = (x, hb, 7b) with 
B C A and B(x) A (G. 

Definition 3.7. An intuitionistic fuzzy set A = (x, ha, 1a) in a partially ordered set 
(X, <) is said to be an 

(i) increasing intuitionistic fuzzy set if x < y implies A(x) C A(y). That is, ha{x) < Ha(u) 
and 1 a{x) > 1a(u)- 

(ii) decreasing intuitionistic fuzzy set if x < y implies A(x) 7 A(y). That is, ha{x) > Ha(v) 
and 7 a(x) < 1a(u)- 

Definition 3.8. An ordered intuitionistic fuzzy bitopological space is an intuitionistic 
fuzzy bitopological space (X, n, t^, <) (where t\ and 72 are intuitionistic fuzzy topologies on 
X ) equipped with a partial order <. 

Definition 3.9. An ordered intuitionistic fuzzy bitopological space (X, n, T 2 , <) is said 
to be an upper pairwise intuitionistic fuzzy Ti-ordered space if a, b £ X such that a ^ 6, there 
exists an decreasing t± intuitionistic fuzzy neighbourhood or an decreasing r 2 intuitionistic fuzzy 
neighbourhood A of & such that A = (x, ha, 1a) is not an intuitionistic fuzzy neighbourhood 
of a. 

Definition 3.10. An ordered intuitionistic fuzzy bitopological space (X, n, r 2 , <) is said 
to be an lower pairwise intuitionistic fuzzy Ti-ordered space if a, b £ X such that a ^ 6, there 
exists an increasing r\ intuitionistic fuzzy neighbourhood or an increasing t -2 intuitionistic fuzzy 
neighbourhood A of a such that A = ( x , ha, 1a) is not an intuitionistic fuzzy neighbourhood 
of b. 

Definition 3.11. An ordered intuitionistic fuzzy bitopological space (X, n, 12 , <) is 
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said to be an pairwise intuitionistic fuzzy Ti-ordered space if and only if it is both upper and 
lower pairwise intuitionistic fuzzy Ti-ordered space. 

Definition 3.12. An ordered intuitionistic fuzzy bitopological space (A, n, t 2 , <) is 
said to be an upper pairwise intuitionistic fuzzy G^-a-locally Xi-ordered space if a, b £ A such 
that a ^ b, there exists an decreasing r± intuitionistic fuzzy G^-a-locally neighbourhood or an 
decreasing r 2 intuitionistic fuzzy G^-a-locally neighbourhood A = ( x , Ha, 1a) of b such that 
A is not an intuitionistic fuzzy G^-a-locally neighbourhood of a. 

Definition 3.13. An ordered intuitionistic fuzzy bitopological space (A, n, r 2 , <) is 
said to be an lower pairwise intuitionistic fuzzy G^-a-locally Ti-ordered space if a, 6 £ A such 
that a ^ 6, there exists an increasing T\ intuitionistic fuzzy G^-a-locally neighbourhood or an 
increasing r 2 intuitionistic fuzzy G^-a-locally neighbourhood A = ( x , p ia , 1a) of a such that 
A is not an intuitionistic fuzzy G^-a-locally neighbourhood of b. 

Definition 3.14. An ordered intuitionistic fuzzy bitopological space (A, t\, t 2 , <) is 
said to be an pairwise intuitionistic fuzzy G^-a-locally Ti-ordered space if and only if it is both 
upper and lower pairwise intuitionistic fuzzy Ga-a-locally Ti-ordered space. 

Proposition 3.1. For an ordered intuitionistic fuzzy bitopological space (A', r\, t 2 , <) 
the following are equivalent: 

(i) A is an lower (resp. upper) pairwise intuitionistic fuzzy G^-o-locally Ti-ordered space. 

(ii) For each a, b £ X such that a b, there exists an increasing (resp. decreasing) r± 
intuitionistic fuzzy G^-o-locally open set or an increasing (resp. decreasing) r 2 intuitionistic 
fuzzy G^-a-locally open set A = ( x , ha, 1a) such that A(a) > 0 (resp. A(b) > 0) and A is not 
an intuitionistic fuzzy G^-a-locally neighbourhood of b (resp. a). 

Proof. (i)=>(ii) Let A be an lower pairwise intuitionistic fuzzy G^-a-locally Ti-ordered 
space. Let a, b £ X such that a ^ b. There exists an increasing t\ intuitionistic fuzzy Gg-ct- 
locally neighbourhood (or) an increasing r 2 intuitionistic fuzzy G^-a-locally neighbourhood A 
of a such that A is not an intuitionistic fuzzy G^-a-locally neighbourhood of b. It follows that 
there exists an t* intuitionistic fuzzy G^-a-locally open set (i = 1 or 2), Ai = (x, ha-i , lAi) 
with Ai C A and Ai(a) = A(a) >0. As A is an increasing intuitionistic fuzzy set, A(a) > A(b) 
and since A is not an intuitionistic fuzzy G^-a-locally neighbourhood of 6, A;(&) < A(6) implies 
Ai(a ) = A(a) > A(b) > Aj(&). This shows that A, ( is an increasing intuitionistic fuzzy set and 
Ai is not an intuitionistic fuzzy G^-a-locally neighbourhood of b , since A is not an intuitionistic 
fuzzy G^-a-locally neighbourhood of b. 

(ii)=>(i) Since A\ is an increasing Ti intuitionistic fuzzy G^-a-locally open set or increasing 
t 2 intuitionistic fuzzy G^-a-locally open set. Now, A\ is an intuitionistic fuzzy G^-a-locally 
neighbourhood of a with Ai(a) > 0. By (ii), A\ is not an intuitionistic fuzzy G^-a-locally 
neighbourhood of b. This implies, A is an lower pairwise intuitionistic fuzzy G^-a-locally 
Ti-ordered space. 

Remark 3.1. Similar proof holds for upper pairwise intuitionistic fuzzy G^-a-locally 
Ti-ordered space. 

Proposition 3.2. If (A', n, t 2 , <) is an lower (resp. upper) pairwise intuitionistic fuzzy 
G^-a-locally Ti-ordered space and n C t*, t 2 C r 2 , then (A', n*, r 2 *, <) is an lower (resp. 
upper) pairwise intuitionistic fuzzy G^-a-locally Ti-ordered space. 



6 



R. Narmada Devi, E. Roja and M. K. Uma 



No. 1 



Proof. Let ( X , n, r 2 , <) be an lower pairwise intuitionistic fuzzy Ga-a-locally Ti-ordered 
space. Then if a, b £ X such that a 6, there exists an increasing n intuitionistic fuzzy Ga- 
a-locally neighbourhood or an increasing r 2 intuitionistic fuzzy Gj-o-locally neighbourhood 
A = ( x , /jla, 7,4) of a such that A is not an intuitionistic fuzzy Ga-a-locally neighbourhood of 
b. Since 77 C rf and r 2 C r|. Therefore, if a, b £ X such that a ^ b, there exists an increasing 
Ti* intuitionistic fuzzy Ga-a-locally neighbourhood or an increasing r 2 * intuitionistic fuzzy 
Ga-a-locally neighbourhood A = ( x , /xa, 7,4) of a such that A is not an intuitionistic fuzzy 
Gg-a- locally neighbourhood of b. Thus (X, 77*, r 2 *, <) is an lower pairwise intuitionistic fuzzy 
Ga-a-locally Ti-ordered space. 

Remark 3.2. Similar proof holds for upper pairwise intuitionistic fuzzy Ga-a-locally 
Ti-ordered space. 

Definition 3 . 15 . An ordered intuitionistic fuzzy bitopological space (X, 77, r 2 , <) is 
said to be an pairwise intuitionistic fuzzy T 2 -ordered space if for a, b £ X with a ^ b, there 
exist an intuitionistic fuzzy open sets A = (x, ft a , 7 a) and B = ( x , /is, 7 b) such that A is an 
increasing Ti intuitionistic fuzzy neighbourhood of a, B is an decreasing Tj intuitionistic fuzzy 
neighbourhood of b (i, j = 1 , 2 and i ^ j) and A fl B = CG. 

Definition 3.16. An ordered intuitionistic fuzzy bitopological space (X, 77 , r 2 , <) is said 
to be an pairwise intuitionistic fuzzy Ga-a-locally T 2 -ordered space if for a, b £ X with a ^ 6, 
there exist an intuitionistic fuzzy G'a-a-locally open sets A = (x, ha, 7,4) and B = (x, /is, 7 b) 
such that A is an increasing Ti intuitionistic fuzzy Ga-a-locally neighbourhood of a, B is an 
decreasing Tj intuitionistic fuzzy Ga-a-locally neighbourhood of b (i, j = 1 , 2 and i 7^ j) and 
An B = CL,. 

Definition 3.17. Let (X, <) be a partially ordered set. Let G = {(x, y) £ X x X | x < 
y, y = /(x) } . Then G is called an intuitionistic fuzzy graph of the partially ordered <. 

Definition 3.18. Let (X, T) be an intuitionistic fuzzy topological space and A C X be a 
subset of X. An intuitionistic fuzzy characteristic function of A = (x, /ia, 7 a) is defined as 

f 1~, if x £ A, 

Xa(x) = < 

^ 0 ^, if x ^ A. 

Definition 3.19. Let A = (x, y a, 7a) be an intuitionistic fuzzy set in an ordered 
intuitionistic fuzzy bitopological space (A', 77, r 2 , <). Then for i = 1 or 2 , we define 

I Ti — Gg — a — li{A) = increasing 77 intuitionistic fuzzy Gg — a — locally interior of A 
= the greatest increasing Ti intuitionistic fuzzy Ga — a — locally 
open set contained in A. 



D t . — Gg — a — li(A) 



decreasing Tj intuitionistic fuzzy Gg — a — locally interior of A 
the greatest decreasing 77 intuitionistic fuzzy Gg — a — locally 
open set contained in A. 
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I Ti — Gg — a — lc(A) 



increasing t, intuitionistic fuzzy Gg — a — locally closure of A 
the smallest increasing t, intuitionistic fuzzy Ga — a — locally 
closed set containing in A. 



D Ti — Gg — a — lc(A) = decreasing 7* intuitionistic fuzzy Gg — a — locally closure of A 
= the smallest decreasing 17 intuitionistic fuzzy — a — locally 
closed set containing in A. 

Notation 3.1. (i) The complement of the characteristic function \G, where G is the 
intuitionistic fuzzy graph of the partial order of X is denoted by Xq- 

(ii) I Ti -Gg-a-lc(A) is denoted by Ii{A) and D Tj -Gg-a-lc{A) is denoted by Dj(A), where 
A = ( x , /r.^4, 7 a) is an intuitionistic fuzzy set in an ordered intuitionistic fuzzy bitopological 
space (X, n, 72, <), for i, j = 1, 2 and i ^ j. 

(iii) I Ti -Gg-a-li(A) is denoted by Ii°{A) and D Tj -Gg-a-li(A) is denoted by Dj°(A ), where 
A = ( x , i-iA, 7 a) is an intuitionistic fuzzy set in an ordered intuitionistic fuzzy bitopological 
space (X, n, 72, <), for i, j = 1, 2 and i ^ j. 

Proposition 3.3. For an ordered intuitionistic fuzzy bitopological space (X', 77, r 2 , <) 
the following are equivalent: 

(i) X' is a pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space. 

(ii) For each pair a, b £ X such that a ^ b, there exist an 17 intuitionistic fuzzy G^-a-locally 
open set A = ( x , ^ a , 7 a) and Tj intuitionistic fuzzy G^-a-locally open set B = ( x , /i^, 7 b) 
such that A(a ) > 0, B(b) > 0 and A(x) > 0, B(y) > 0 together imply that x ^ y. 

(iii) The characteristic function \Gi where G is the intuitionistic fuzzy graph of the partial 
order of X is a r*-intuitionistic fuzzy Ga-ct-locally closed set, where r* is either n x r 2 or r 2 x n 
in X x X. 

Proof. (i)=>(ii) Let X be a pairwise intuitionistic fuzzy Gg-a- locally T 2 -ordered space. 
Assume that suppose A(x) > 0, B(y) > 0 and x < y. Since A is an increasing r* intuitionistic 
fuzzy G^-a-locally open set and B is an decreasing tj intuitionistic fuzzy G^-a-locally open 
set, A{ x) < A{y) and B{y) < B(x). Therefore 0 < A{x) D B{y) < A{y) D B(x ), which is a 
contradiction to the fact that A ft B = 0^,. Therefore x ^ y. 

(ii)=>(i) Let a, b £ X with a ^ b, there exists an intuitionistic fuzzy sets A and B 
satisfying the properties in (ii). Since I,°(A) is an increasing 17 intuitionistic fuzzy G^-a-locally 
open set and Dj°(B) is an decreasing Tj intuitionistic fuzzy G^-a-locally open set, we have 
Ii°(A) n Dj°{B)= 0^. Suppose z £ X is such that I°{A)(z) D Dj°{B){z) >0. Then J,°(A) 
>0 and Dj°(B)(z) >0. If x < z < y, then x < z implies that Dj°(B)(x ) > Dj°(B)(z ) >0 and 
z < y implies that I°(A)(y) > I°(A)(z) >0 then Dj°(B)(x ) >0 and I°(A)(y ) >0. Hence by 
(ii), x ^ y but then x < y. This is a contradiction. This implies that X is pairwise intuitionistic 
fuzzy Gi-o-locally T 2 -ordered space. 

(i)=>(iii) We want to show that \G is an T * intuitionistionic fuzzy G^-a-locally closed 
set. That is to show that Xg i s an T * intuitionistionic fuzzy G^-a-locally open set. It is 
sufficient to prove that Xg i s an intuitionistionic fuzzy G^-a-locally neighbourhood of a point 
(x, y) G X x X such that Xg ( x > u) > 0- Suppose (x, y) G X x X is such that Xg ( x i v) > 0- 
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That is Xg{x, y) < 1. This means xg(x, y) = 0. That is (x, y) £ G. That is x ^ y. Therefore 
by assumption (i), there exist intuitionistic fuzzy G^-o-locally open sets A and B such that A 
is an increasing r, intuitionistic fuzzy G^-a-locally neighbourhood of a, B is an decreasing 77 
intuitionistic fuzzy G^-a-locally neighbourhood of b (i, j = 1, 2 and i ^ j) and A n B = 0^. 
Clearly A x B is an IFt* G^-a-locally neighbourhood of (x, y). It is easy to verify that Ax B C 
Xq- Thus we find that Xg * s an T * AFGa-a-locally open set. Hence (iii) is established. 

(iii)=>(i) Suppose x ^ y. Then (a:, y) £ G, where G is an intuitionistic fuzzy graph of the 
partial order. Given that xg is an r* intuitionistic fuzzy Gs-a - locally closed set. That is Xq 
is an t* intuitionistic fuzzy G^-a-locally open set. Now (x, y) £ G implies that Xg( x i V ) > 0- 
Therefore Xg i s an T * intuitionistic fuzzy G^-a-locally neighbourhood of ( x , y) £ A x A. 
Hence we can find that r* intuitionistic fuzzy G^-a-locally open set A x B such that Ax B 
C Xq an d ^ an B intuitionistic fuzzy G^-a-locally open set such that A(x) > 0 and B 
is an Tj intuitionistic fuzzy G^-a-locally open set such that B(y) > 0. We now claim that 
Ii°(A ) (~1 Dj°{B)= 0^. For if z £ A is such that ( I°(A ) n Dj°(B)){ z)> 0, then I°(A)(z) D 
Dj°(B)(z) > 0. This means I°(A)(z)> 0 and Dj°(B)(z)> 0. And if a < z < b, then z < b 
implies that 1° (A)(b)> 1° {A)(z)> 0 and a < z implies that Dj°(B)(a)> Dj°(B)(z)> 0. Then 
Dj° (B)(a)> 0 and 1° (A)(b)> 0 implies that a ^ b but then a < b. This is a contradiction. 
Hence (i) is established. 

Definition 3.20. An ordered intuitionistic fuzzy bitopological space (A, ti, t 2 , <) is 
said to be a weakly pairwise intuitionistic fuzzy T2-ordered space if given b < a (that is b < a 
and b ^ a), there exist an Tj intuitionistic fuzzy open set A = {x, /. la , 7 a) such that A(a ) > 0 
and Tj intuitionistic fuzzy open set B = (x, y,B, 7 b) such that B(b) > 0 (i, j = 1, 2 and i ^ j) 
such that if x, y £ A, A(x) > 0, B(y) > 0 together imply that y < x. 

Definition 3.21. An ordered intuitionistic fuzzy bitopological space (A, n, 12, <) is said 
to be a weakly pairwise intuitionistic fuzzy G^-a-locally TVordered space if given b < a (that is 
b < a and b ^ a), there exist an Tj intuitionistic fuzzy G^-a-locally open set A = (x, {1 a, 1a) 
such that A{a) > 0 and Tj intuitionistic fuzzy G^-a-locally open set B = ( x , /tb, 7 b) such that 
B(b ) > 0 ( i , j = 1, 2 and i ^ j ) such that if x, y G A, A(x) > 0, B(y) > 0 together imply 
that y < x. 

Definition 3.22. The symbol x || y means that x < y and y < x. 

Definition 3.23. An ordered intuitionistic fuzzy bitopological space (A, n, t 2 , <) is 
said to be a almost pairwise intuitionistic fuzzy T2-ordered space if given a || b, there exist an 
Tj intuitionistic fuzzy open set A = ( x , y,A, 1 a) such that A(a) > 0 and 77 intuitionistic fuzzy 
open set B = (x, ys, 1 b) such that B(b ) > 0 (i, j = 1, 2 and i ^ j ) such that if x, y £ A, 
A{x) > 0 and B(y) > 0 together imply that x || y. 

Definition 3.24. An ordered intuitionistic fuzzy bitopological space (A, 17, r 2 , <) is said 
to be a almost pairwise intuitionistic fuzzy G^-a-locally T2-ordered space if given a || 6, there 
exist an Tj intuitionistic fuzzy G^-o-locally open set A = ( x , 7 a) such that A(a) > 0 and 

Tj intuitionistic fuzzy G^-a-locally open set B = (x, ys, 1 b) such that B(b) > 0 (i, j = 1, 2 
and i ^ j ) such that if x, y £ A, A(x) > 0 and B(y) > 0 together imply that x || y. 

Proposition 3.4. An ordered intuitionistic fuzzy bitopological space (A, n, r 2 , <) is a 
pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space if and only if it is a weakly pairwise 
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intuitionistic fuzzy Ga-a-locally T 2 -ordered and almost pairwise intuitionistic fuzzy G^-a-locally 
T 2 -ordered space. 

Proof. Let (A', n, 72 , <) be a pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space. 
Then by Proposition 3.3 and Definition 3.20 it is a weakly pairwise intuitionistic fuzzy G$-a- 
locally T 2 -ordered space. Let a || b. Then a b and b -f- a. Since a ^ b and A is a pairwise 
intuitionistic fuzzy G^-a-locally T 2 -ordered space. We have 77 intuitionistic fuzzy G^-a-locally 
open set A = {x, h a , 7 a) and t 3 intuitionistic fuzzy Ga-a-locally open set B = (x, h b , 7 b) 
such that A(a) > 0, B{b) > 0 and A(x) > 0, B(y) > 0 together imply that x ^ y. Also 
since b ^ a, there exist 77 intuitionistic fuzzy G^-a-locally open set A*=(x, ha*, 7a*) and tj 
intuitionistic fuzzy G^-a-locally open set B*=(x, hb*, 7b*) such that A* (a) > 0, B*(b) > 0 
and A*{x) > 0, B*(y) > 0 together imply that y ^ x. Thus If (Ad A*) is an 77 intuitionistic 
fuzzy Ga-a-locally open set such that If (Ad A*)(a) > 0 and Ij°(B ft B*) is an r 7 intuitionistic 
fuzzy G^-a-locally open set such that Ij°(B fl B*)(b) > 0. Also If (A n A*)(x) > 0 and 
If(B <lB*)(y) > 0 togetherimply that x || y. Hence A is a almost pairwise intuitionistic fuzzy 
G^-a-locally T 2 -ordered space. 

Conservely, let X be a weakly pairwise intuitionistic fuzzy G^-ct-locally T 2 -ordered and 
almost pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space. We want to show that X is 
a pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space. Let a ^ b. Then either b < a or 
b ■f: a. If b < a then X being weakly pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space, 
there exist 77 intuitionistic fuzzy G^-a-locally open set A and Tj intuitionistic fuzzy G^-a-locally 
open set B such that A(a) > 0, B{b) > 0 and such that A(x) > 0, B(y) > 0 together imply 
that y < x. That is x ^ y. lib ^ a, then a || b and the result follows easily since A is a almost 
pairwise intuitionistic fuzzy G^-a-locally T 2 -ordered space. Hence A is a pairwise intuitionistic 
fuzzy G^-a-locally T 2 -ordered space. 

Definition 3.25. Let A = (x, ha, 7a) and B = (x, hb, 7b) be intuitionistic fuzzy sets 
in an ordered intuitionistic fuzzy bitopological space (A, 77 , r 2 , <). Then A is said to be an 
77 intuitionistic fuzzy neighbourhood of B if B C A and there exists 77 intuitionistic fuzzy open 
set G = (x, ye, 7c) suc h that B C G C A (i = 1 or 2). 

Definition 3.26. Let A = (x, ha, 7a) and B = (x, hb, 7b) be intuitionistic fuzzy sets 
in an ordered intuitionistic fuzzy bitopological space (A, 17 , r 2 , <). Then A is said to be an 77 
intuitionistic fuzzy G^-a-locally neighbourhood of B if B C A and there exists 77 intuitionistic 
fuzzy G^-a-locally open set G = (x, hc, 7c) such that B C G C A (i = 1 or 2). 

Definition 3.27. An ordered intuitionistic fuzzy bitopological space (A, 17 , r 2 , <) is 
said to be a strongly pairwise intuitionistic fuzzy G^-a-locally normally ordered space if for 
every pair A = (x, ha, 7a) is an decreasing 77 intuitionistic fuzzy G^-a-locally closed set and 
B = ( x , hb, 7b) is an decreasing Tj intuitionistic fuzzy Gj-a-locally open set such that A C B 
then there exist decreasing tj intuitionistic fuzzy G^-a-locally open set Ai={ x, ha ,, 7a x ) such 
that A C Ai C DfAf) C B ( i , j = 1 , 2 and i 7^ j). 

Proposition 3.5. An ordered intuitionistic fuzzy bitopological space (A, n, r 2 , <) the 
following are equivalent: 

(i) (A, Tj, t 2 , <) is a strongly pairwise intuitionistic fuzzy G^-a-locally normally ordered 
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(ii) For each increasing 7y intuitionistic fuzzy G^-a-locally open set A = (x, ha, 7 a) and 
decreasing tj intuitionistic fuzzy G^-a-locally open set B = (x, hb, 7b) with A C B there 
exists an decreasing t, intuitionistic fuzzy G^-a-locally open set A\ such that A C A\ C IFG$- 
a-lcl n (Ai) C B (i, j = 1, 2 and i 7^ j). 

Proof. The proof is simple. 

Definition 3.28. Let ( X , n, T2, <) be an ordered intuitionistic fuzzy bitopological space. 
A function / : A — > !?(/) is said to be an r» lower* (resp. upper*) intuitionistic fuzzy Gs-ot- 
locally continuous function if f~ 1 (R t ) (resp. / _1 (L t )) is an increasing or an decreasing 7y (resp. 
Tj) intuitionistic fuzzy G^-a-locally open set, for each t £ R (i, j = 1, 2 and i ^ j). 

Proposition 3.6. Let ( X , n, r2, <) be an ordered intuitionistic fuzzy bitopological 
space. Let A = (x, ha, 7 a) be an intuitionistic fuzzy set in X and let / : X — > R(I) be such 
that 

! 1, if t < 0, 

A{x), if 0 < t < 1, 

0, if t > 1. 

for all x £ X. Then / is an ly lower* (resp. r, upper*) intuitionistic fuzzy G^-a-locally contin- 
uous function if and only if A is an increasing or an decreasing r» (resp. Tj) intuitionistic fuzzy 
G^-a-locally open (resp. closed) set (i, j = 1, 2 and i 7^ j). 

Proof. 

{ 1, if t < 0, 

A(x), if 0 < t < 1, 

0, if t > 1. 

implies that / is an ry lower* intuitionistic fuzzy G^-a-locally continuous function if and only 
if A is an increasing or an decreasing ry intuitionistic fuzzy G^-a-locally open set in X. 

! 1, if t < 0, 

A(x), if 0 < t < 1, 

0, if t > 1. 

implies that / is an r ? upper* intuitionistic fuzzy G^-a-locally continuous function if and only if 
A is an increasing or an decreasing Tj intuitionistic fuzzy Ga-a-locally closed set in X (i, j = 1,2 
and i 7^ j). 

Proposition 3.7. (Uryshon’s lemma) An ordered intuitionistic fuzzy bitopological 
space (X, n, T 2 , <) is a strongly pairwise intuitionistic fuzzy G^-a-locally normally ordered 
space if and only if for every A = (x, ha , 7a) is an decreasing ry intuitionistic fuzzy closed set 
and B = (x, hb, 7b) is an increasing Tj intuitionistic fuzzy closed set with AC B 1 there exists 
increasing intuitionistic fuzzy function / : X — > I such that A C / _1 (L 1 ) C f~ l (R 0 ) C B and / 
is an Ti upper* intuitionistic fuzzy G^-o-locally continuous function and Tj lower* intuitionistic 
fuzzy G^-a-locally continuous function (i, j = 1, 2 and i 7^ j). 

Proof. Suppose that there exists a function / satisfying the given conditions. Let G = 
(x, HC, 7 c)=f~ 1 {L t ) and D = (x, hd , 7 D)=f~ 1 {Rt) for some 0 < t < 1. Then G G n 
and D £ Tj and such that A C G C D C B. It is easy to verify that D is an decreasing 
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Tj intuitionistic fuzzy G^-a-locally open set and G is an increasing r* intuitionistic fuzzy Gs- 
a-locally closed set. Then there exists decreasing r 7 intuitionistic fuzzy Gs-a- locally open 
set Ci such that C C C\ C Dj(Gi) C D (i, j = 1, 2 and i ^ j). This proves that X 
is a strongly pairwise intuitionistic fuzzy G^-a-locally normally ordered space. Conversely, 
let X be a strongly pairwise intuitionistic fuzzy G^-a-locally normally ordered space. Let 
A be an decreasing x, intuitionistic fuzzy G^-a-locally closed set and B be an increasing tj 
intuitionistic fuzzy G^-a-locally closed set. By the Proposition 3.6, we can construct a collection 
{G t | t e 1} C Tj , where G = (x, pc t , 7c t ), 4 6/ such that A C C t C B, IFG$-a-lcl Ti (C s ) C C t 
whenever s < f, A C Go Gi = i? and G t = 0^ for t < 0, G t = 1^ for t > 1. We define a function 
/ : X — > I by f(x)(t) = Gi_ t (x). Clearly / is well defined. Since A C Ci_f C J5, for f £ /. We 
have A C / _1 (Li) C f~ 1 (R 0 ) C _B. Furthermore f~ 1 (R t ) = U s <i-t is an T i intuitionistic 
fuzzy G^-a-locally open set and / _1 (L t ) = p|s>i-t IFG$-a-lcl Ti (C s ) is an Tj 

intuitionistic fuzzy Gi-a-locally closed set. Thus / is an tj lower* intuitionistic fuzzy G$-a- 
locally continuous function and r,; upper* intuitionistic fuzzy G^-a-locally continuous function 
and is an increasing intuitionistic fuzzy function. 

Proposition 3.8. (Tietze extension theorem) Let (A', n, T 2 , <) be an ordered 
intuitionistic fuzzy bitopological space the following statements are equivalent: 

(i) (A, Ti, r 2 , <) is a strongly pairwise intuitionistic fuzzy Gj-o-locally normally ordered 
space. 

(ii) If g, h : X — » /?(/), g is an Tj upper* intuitionistic fuzzy G^-a-locally continuous 
function, h is an Tj lower* intuitionistic fuzzy G^-a-locally continuous function and g C h, 
then there exists / : X — > /?(/) such that jC/Cft and / is an Tj upper* intuitionistic fuzzy 
G^-a-locally continuous function and Tj lower* intuitionistic fuzzy G^-a-locally continuous 
function(i, j = 1, 2 and z j). 

Proof. (ii)=^(i) Let A = (x, pa, 7 a) and B = ( x , ps, 1b) be an intuitionistic fuzzy 
G^-a-locally open sets such that A C B. Define g, h : A — > R(I) by 



and 



l ^ 

g(x)(t) = l A(x), 

{ 0 , 



if t < 0, 

if 0 < t < 1, 

if t > 1. 



l ^ 

h(x)(t) = l B(x), 

{ o, 



if t < 0, 

if 0 < t < 1, 

if t > 1. 



for each x £ A. By Proposition 3.6, g is an Tj upper* intuitionistic fuzzy G^-a-locally continuous 
function and h is an Tj lower* intuitionistic fuzzy G^-a-locally continuous function. Clearly, 
g C h holds, so that there exists / : A — > R(L) such that g C / C h. Suppose t G (0, 1). 
Then A = g~ 1 (R t ) C f~ 1 (R t ) C / _1 (L t ) C = /?. By Proposition 3.7, A is a strongly 

pairwise intuitionistic fuzzy G^-a-locally normally ordered space. 
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(i)=>(ii) Define two mappings A, B : Q —> I by A(r) = A r = and B(r) = 

B r = g~ x (L r ), for all r £ Q ( Q is the set of all rationals). Clearly, A and B are monotone 
increasing families of an decreasing t, intuitionistic fuzzy G^-a-locally closed sets and decreasing 
Tj intuitionistic fuzzy G^-a-locally open sets of A'. Moreover A r C B r > if r < r' . By Proposition 
3.5, there exists an decreasing Tj intuitionistic fuzzy G^-a-locally open set G = (x, pc, 7c) such 
that A r C IFGs-a-lint Ti (C r ), IFGs-a-lcl Ti (C r ) C IFGs-a-lint Ti (C r >), IFGs-ct-lcl Ti (C r ) C 
B r > whenever r < r' (r, r' £ Q). Letting V t = f] r<t C r for t £ R, we define a monotone 

decreasing family {V t \ t £ R} C I. Moreover we have IFGs-a-lcl Ti (V t ) C IFG$-a-lint Ti (V s ) 

whenever s < t. We have, 

u ^ = u n ^ 2 u n ^ = u n s' 1 © = u s -1 ^) = s- 1 ) u 5) 

tei? t£Rr<t teRr<t t£Rr<t t£R t£R 

= W. 

Similarly, D teR^t = CG. Now define a function / : (X, r 1; r 2 , <) — > R{L ) satisfying the 
required conditions. Let f{x)(t) = V t (x), for all x £ X and t £ R. By the above discussion, 
it follows that / is well defined. To prove / is an r, upper* intuitionistic fuzzy G^-a-locally 
continuous function and Tj lower* intuitionistic fuzzy G^-a-locally continuous function (i, j = 
1, 2 and j). Observe that (J s>t V s = |J s>t IFG s -a-lint Ti (V s ) and f| s>t V s = n s>t IFGs-a- 
lcl Ti (V s ). Then f~ 1 (R t ) = (J s>t Vs = U s>t IFGs-a-lint Ti (V s ) is an increasing n intuitionistic 
fuzzy Ga-a-locally open set. Now / -1 (L t ) = P| s>4 V s = f\>t IFGs-a-lcl Ti {V s ) is an decreasing 
Tj intuitionistic fuzzy G^-o-locally closed set. So that / is an r,; upper* intuitionistic fuzzy G$-a- 
locally continuous function and Tj lower* intuitionistic fuzzy G^-a-locally continuous function. 
To conclude the proof it remains to show that jC/CA. That is g _1 (L t ) C / _1 (L 4 ) C /i _ 1 (L 4 ) 
and g~ 1 (R t ) C f~ 1 (R t ) C h~ 1 (R t ) for each t £ R. We have, 

g -\T t ) = p| g-\T s ) = n n ^~ i ( r r) =nn^nrK=i>.= 

s<t s<t r<s s<t r<s s<t r<s s<t 

and 

r\Lt ) = n*=nn^nn*=nn = n 

s<t s<t r<s s<t r<s s<t r<s s<t 

Similarly, we obtain 

g-\R t ) = [J g~\R s ) = UU = UU^UU^=U^ = 

s>t s>t r>s s>t r>s s>t r>s s>t 

and 

r^Rt) = U v ’ s = UU^-UU^ = UU /i_ W) = |J h- i m = h~H Rt ). 

s>t s>t r>s s>t r>s s>t r>s s>t 

Hence the proof. 

Proposition 3.9. Let (A, n, r 2 , <) be a strongly pairwise intuitionistic fuzzy Gs-a- 
locally normally ordered space. Let A £ n and A £ r 2 be crisp and let / : (A, t\/A, t 2 /A) — > / 
be an Tj upper* intuitionistic fuzzy G^-a-locally continuous function and r, lower* intuitionistic 
fuzzy G^-a-locally continuous function (i, j = 1, 2 and i ^ j). Then / has an intuitionistic 
fuzzy extension over (A, n, r 2 , <) (that is, F : (A, n, r 2 , <) — > /). 

Proof. Define g : X — > / by 
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g{x) = f{x), if x £ A; g(x) = [A 0 ], if x A 
and also define h : X — > I by 

h(x) = f(x), if x £ A; h(x) = [Ai], if x ^ A. 
where [Ao] is the equivalence class determined by Aq : R — > I such that 
A 0 (f) = 1^, if t < 0; A 0 (t) = 0^, if t > 0 
and [Ai] is the equivalence class determined by A 1 : R — > I such that 
A\(t) = 1^, if t< 1; Ai(t)=0^, if t > 1. 

g is an t y upper* intuitionistic fuzzy G^-ct-locally continuous function and h is an Tj lower* 
intuitionistic fuzzy G^-a-locally continuous function and g C h. Hence by Proposition 3.8, 
there exists a function F : X — » I such that F is an Tj upper* intuitionistic fuzzy G^-a-locally 
continuous function and Tj lower* intuitionistic fuzzy G^-a-locally continuous function and 
g(x) C h(x) C f(x ) for all x £ X. Hence for all x £ A, f(x) C F(x) C f(x). So that F is an 
required extension of / over X. 
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§1. Introduction 

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single 
sequences, respectively. 

We write w 2 for the set of all complex sequences (x mn ), where m, n € N, the set of 
positive integers. Then, w 2 is a linear space under the coordinate wise addition and scalar 
multiplication. 

Some initial works on double sequence spaces is found in Bromwich W . Later on, they 
were investigated by Hardy I 8 1, Moricz I 12 !, Moricz and Rhoades I 13 !, Basarir and Solankan A , 
Tripathy I 20 !, Colak and Turkmenoglu I 6 1, Turkmenoglu I 22 l, and many others. 

Let us define the following sets of double sequences: 



M u (t) := 



W e w ■ sup \x mn \ ^ <oo} , 

m, n€N 



C p (t) := < ( Xmn ) E w 2 : p -lim \x mn — l\ trnn = 1 for some l G 



m. n —> oo 



= < ( Xmn ) E w 2 : p - lim |x mn | mn = 1 > , 



m, n — >-oo 



Cop (■ t ) : 
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Cu (t) := (x mn ) Gw 2 : J2 \x mn \ m " < OO l , 

m= 1 n = 1 



Cbp (t) ■■= c p (t) f| Mu (t) and C obp (t) = C 0p (t) f| M u (t), 

where t = (t rnn ) is the sequence of strictly positive reals t mn for all m, n G N and p - 
lim mj n —,00 denotes the limit in the Pringsheim’s sense. In the case t mn = 1 for all m, n G 
A3 U (t) , C p (t) , Cop (f) , C u (f) , C bp (t) and C@ bp (t) reduce to the sets C p , Cq p , C u , C bp 
and Cob P , respectively. Now, we may summarize the knowledge given in some document re- 
lated to the double sequence spaces. Gokhan and Colak I 27 ’ 28 ! have proved that A4 U ( t ) and 
Cp (t ) , Cb p (t) are complete paranormed spaces of double sequences and gave the a-, /?-, 7- duals 
of the spaces M u ( t ) and C bp (t). Quite recently, in her PhD thesis, Zelter I 29 l has essentially 
studied both the theory of topological double sequence spaces and the theory of summability 
of double sequences. Mursaleen and Edely I 30 ! have recently introduced the statistical conver- 
gence and Cauchy for double sequences and given the relation between statistical convergent 
and strongly Cesaro summable double sequences. Nextly, Mursaleen l 31 l and Mursaleen and 
Edely I 32 l have defined the almost strong regularity of matrices for double sequences and ap- 
plied these matrices to establish a core theorem and introduced the M - core for double sequences 
and determined those four dimensional matrices transforming every bounded double sequences 
x = (xjk) into one whose core is a subset of the M - core of x. More recently, Altay and Basar I 33 l 
have defined the spaces BS , BS (t) , CS P , CS bp , CS r and BV of double sequences consisting of 
all double series whose sequence of partial sums are in the spaces M u , M u (t ) , C p , C bp , C r and 
C u , respectively, and also examined some properties of those sequence spaces and determined 
the a-duals of the spaces BS , BV, CSb p and the (3 (d)-duals of the spaces CSb p and CS r of 
double series. Quite recently Basar and Sever I 34 l have introduced the Banach space C q of 
double sequences corresponding to the well-known space i q of single sequences and examined 
some properties of the space C q . Quite recently Subramanian and Misra [ 35 J have studied the 
space Xm (p> 9; u ) °f double sequences and gave some inclusion relations. 

Spaces are strongly summable sequences were discussed by Kuttner I 42 l, Maddox I 43 l and 
others. The class of sequences which are strongly Cesaro summable with respect to a modulus 
was introduced by Maddox I 11 ! as an extension of the definition of strongly Cesaro summable 
sequences. Connor I 44 l further extended this definition to a definition of strong A-summability 
with respect to a modulus where A = ( a n k) is a nonnegative regular matrix and established 
some connections between strong A-summability, strong A-summability with respect to a mod- 
ulus, and A- statistical convergence. In [45] the notion of convergence of double sequences was 
presented by A. Pringsheim. Also, in [46] — [49] and [50] the four dimensional matrix trans- 
formation ( Ax) k £ = ]Cm=i Sj^Li a 'ki' x mn was studied extensively by Robison and Hamilton. 
In their work and throughout this paper, the four dimensional matrices and double sequences 
have real- valued entries unless specified otherwise. In this paper we extend a few results known 
in the literature for ordinary (single) sequence spaces to multiply sequence spaces. This will be 
accomplished by presenting the following sequence spaces: 

OO OO 

xGx 2 ■ P- lim Y a ™f (i(m + n)\ |a: mn |)^) = 0 

m = 0 n=0 
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and 



x G 



OO OO 1 

A 2 : sup Y (krrml^) < 00 l , 

fe ’ t m=0m=0 I 



where / is a modulus function and A is a nonnegative four dimensional matrix. Other impli- 
cations, general properties and variations will also be presented. 

We need the following inequality in the sequel of the paper. For a, b > 0 and 0 < p < 1, 
we have 

(a+b) p < a? + bP. (1) 

The double series n=1 x mn is called convergent if and only if the double sequence (£777,77,) 

is convergent, where s mn = x ij( m i n £ N) (see [1]). 

A sequence x = (x mn ) is said to be double analytic if sup mn \x mn ^ m+n < oo. The vector 
space of all double analytic sequences will be denoted by A 2 . A sequence x = (x mn ) is called 
double gai sequence if ((m + n)! -* 0 as m, n — > oo. The double gai sequences 

will be denoted by y 2 . Let <f> = {all finite sequences} . 

Consider a double sequence x = (Sy ) . The (m, n) th section of the sequence is defined 

by x^ m ’ n ^ = Y^7j= o x ij^ij f° r all m, n G N ; where A,-j denotes the double sequence whose only 
non zero term is a jjifj ) T (*> P^ ace f° r each i, j G N. 

An FA'-space or a metric space X is said to have AAT property if (3 mrl ) is a Schauder 
basis for X. Or equivalently — + x. 

An FFA'-space is a double sequence space endowed with a complete metrizable; locally 
convex topology under which the coordinate mappings x = (xk) —*■ (x, mn )(m. n G N) are also 
continuous. 

Orlicz [ 16 J used the idea of Orlicz function to construct the space (A M ) ■ Lindenstrauss and 
Tzafriri I 10 ! investigated Orlicz sequence spaces in more detail, and they proved that every Orlicz 
sequence space £m contains a subspace isomorphic to £ p (1 < p < oo) . subsequently, different 
classes of sequence spaces were defined by Parashar and Choudhary Mursaleen et alJ 14 !, 
Bektas and Altin I 3 1, Tripathy et alJ 21 l, Rao and Subramanian I 18 !, and many others. The 
Orlicz sequence spaces are the special cases of Orlicz spaces studied in [9] . 

Recalling [16] and [9], an Orlicz function is a function M : [0, oo) — > [0, oo) which is 
continuous, non-decreasing, and convex with M (0) = 0, M (x) > 0, for x > 0 and M (x) — > oo 
as x — > oo. If convexity of Orlicz function M is replaced by subadditivity of M. then this 
function is called modulus function, defined by Nakano I 15 l and further discussed by Ruckle I 19 l 
and Maddox I 11 ! and many others. 

An Orlicz function M is said to satisfy the A2-condition for all values of u if there exists 
a constant K > 0 such that M (2 u) < KM (u) (u > 0) . The A2-condition is equivalent to 
M (tu) < KtM (u ) , for all values of u and for t > 1. 

Lindenstrauss and Tzafriri I 10 ! used the idea of Orlicz function to construct Orlicz sequence 



£m = \ x £ w 



i : M < oo, for some p > 0 j 



space 
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The space £m with the norm 

INI = inf jp > 0 : M < l| , 



becomes a Banach space which is called an Orlicz sequence space. For M (t) = t p (1 < p < oo) , 
the spaces Im coincide with the classical sequence space l v . 

If X is a sequence space, we give the following definitions: 

(i) X = the continuous dual of X, 

{ OO 

CL — ( [Ojrnn ) • ^ > | ^mri’^mn | ^ OO, for Gctcll X G X 
m,n= 1 

[ oo 

(hi) X? = < a = (a mn ) : a mn x mn is convegent, for each 

| m,n= 1 




(iv) A 7 = < 


a = (a mn ) : sup > 1 


M, N 


< 00, for each x £ X 




mn 


m,n— 1 


J 



(v) Let X be an AA"-space D <j > ; then X f = |/(Q mn ) : f € X j , 



(vi) X s = l a = (amn) ■ sup \a mn x mn \ 1/m+n < oo, for each x G X l , 
mn J 

X a , XP, X 1 are called a- (or A'bf/ie-Toeplitz) dual of X. (3 - (or generalized- A"ot/ie-Toeplitz) 
dual of X, 7- dual of X, S- dual of X respectively. X a is defined by Gupta and Kamptan 1 24 1 . 
It is clear that x a C X^ and X a C X 1 , but X a C X 7 does not hold, since the sequence of 
partial sums of a double convergent series need not to be bounded. 

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz 
t 36 l as follows 



Z (A) = {x = (Xk) e w : (A Xk) € Z} , 

for Z = c, cq and £00, where Axk = Xk — Xk+i for all k £ N. Here w, c, cq and £ ryo denote 
the classes of all, convergent, null and bounded sclar valued single sequences respectively. The 
above spaces are Banach spaces normed by 

INI = |zi| + sup |Axfe| . 
fc> 1 

Later on the notion was further investigated by many others. We now introduce the following 
difference double sequence spaces defined by 

Z( A) = [x= (x m „) e w 2 : (A X mn ) e z}, 

where Z A , y and Ax mn — (Xmn (Xm+ln ^m+ln-f-l) Xmn X m n +1 

■ ■ + x m+ln+1 for all m, n G N. 



§2. Definitions and preliminaries 

Throughout the article w 2 denotes the spaces of all sequences. Xm anc ^ denote the 
Pringscheims sense of double Orlicz space of gai sequences and Pringscheims sense of double 
Orlicz space of bounded sequences respecctively. 
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Definition 2.1. A modulus function was introduced by Nakano I 15 l. We recall that a 
modulus / is a function from [0, oo) — > [0, oo) , such that 

(i) f (x) = 0 if and only if x = 0, 

(ii) f(x + y)<f(x) + f (y) , for all x > 0, y > 0, 

(iii) / is increasing, 

(iv) / is continuous from the right at 0. Since | f (x) — f (y)\ < / {\x — y\) , it follows from 
condition, 

(v) that / is continuous on [0,oo) . 

Definition 2.2. Let p, q be semi norms on a vector space X. Then p is said to be stronger 
that q if whenever ( x mn ) is a sequence such that p(x mn ) — ■> 0, then also q (x rnn ) — > 0. If each 
is stronger than the others, the p and q are said to be equivalent. 

Lemma 2.1. Let p and q be semi norms on a linear space X. Then p is stronger than q if 
and only if there exists a constant M such that q(x) < Mp[x) for all x £ X. 

Definition 2.3. A sequence space E is said to be solid or normal if ( a mn x mn ) £ E 
whenever ( x mn ) £ E and for all sequences of scalars (a mn ) with \a mn \ < 1, for all to, n £ N. 

Definition 2.4. A sequence space E is said to be monotone if it contains the canonical 
pre-images of all its step spaces. 

Remark 2.1. From the two above definitions it is clear that a sequence space E is solid 
implies that E is monotone. 

Definition 2.5. A sequence E is said to be convergence free if ( y mn ) £ E whenever 
M s E and x m n = 0 implies that y mn = 0. 

By the gai of a double sequence we mean the gai on the Pringsheim sense that is, a double 

sequence x = (x mn ) has Pringsheim limit 0 (denoted by P-lim £=0) such that ((to. + n)! |x m „|) 

m + n = 0, whenever to, n £ N. We shall denote the space of all P- gai sequences by % 2 . The 

1 

double sequence x is analytic if there exists a positive number M such that \xjk\ j+k < M for 
all j and k. We will denote the set of all analytic double sequences by A 2 . 

Throughout this paper we shall examine our sequence spaces using the following type of 
transformation : 

Defintion 2.6. Let A = denote a four dimensional summability method that maps 

the complex double sequences x into the double sequence Ax where the fc, t- th term to Ax is 
as follows: 

OO OO 

^ X )kt = S S Q^kl'Xmn, 

m—1 n—1 

such transformation is said to be nonnegative if is nonnegative. 

The notion of regularity for two dimensional matrix transformations was presented by Sil- 
verman and Toeplitz and [51] and [52] respectively. Following Silverman and Toeplitz, Robison 
and Hamilton presented the following four dimensional analog of regularity for double sequences 
in whcih they both added an adiditional assumption of boundedness. This assumption was made 
because a double sequence which is P-convergent is not necessarily bounded. 

Definition2.7. The four dimensional matrix A is said to be PR-regular if it maps every 
bounded P-gai sequence into a P-gai sequnece with the same P-limit. 
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In addition to this definition, Robison and Hamilton also presented the following Silverman- 
Toeplitz type multidimensional characterization of regularity in [50] and [46] : 

Theorem 2.1. The four dimensional matrix A is PiJ-regular if and only if 
RHi : P- lim a™™ = 0 for each to and n, 

OO OO 

RH 2 : P- lim £ £ oS n = l, 

m —1 n—1 
oo 

RHs : P-lim ^ |a£5 n | = 0 f° r eac ^ n > 

* m—l 
oo 

PP4 : P-lim \ a k£ n \ = 0 for each m, 

^5 ^ n=l 
00 00 

RH 5 : £ £ a™/ 1 is P-convergent and 

m—l n —1 

RHq : there exist positive numbers A and B such that £ |aj^ n | < A. 

m, n>B 

Definition 2.8. A double sequence (x mn ) of complex numbers is said to be strongly 
A-summable to 0, if P-lim fei t £ mi n a ™ e n ((m + n)\ \x mn - 0|) = 0. 

Let a be a one-one mapping of the set of positive integers into itself such that a m (n) = 
er(er m-1 (n)), m = 1, 2, 3, • • • . A continuous linear functional </> on A 2 is said to be an invariant 
mean or a cr-mean if and only if 

(i) 4>{x) > 0 when the sequence x = (, x mn ) has x mn > 0 for all to, n. 

(ii) </>(e) = 1 where 

( h 1, - 1 N 

1, 1, ... 1 



1, ... 1 y 

(hi) H{xa(m),cr(n)}) = H{ X mn}) for all X G A 2 . 

For certain kinds of mappings tr, every invariant mean <f> extends the limit functional on the 
space C of all real convergent sequences in the sense that (j>(x)= lim x for all x G C consequently 
C CVcr, where V a is the set of double analytic sequences all of those er- means are equal. 

If x = ( x mn ), set Tx = ( Tx) l / m+n = (x a (r„,) t a(n))- It can be shown that 



Vr = 



1GA 2 : im t mn {x rx ) x l n = Le uniformly in n, L = cr-lim(j: mn ) 1 / m+rl L 

l m — >00 ) 



where 



^mnW 



(x n + Tx n + ■ ■ ■ + T m x n ) 1 / m+n 

TO + 1 



(2) 



We say that a double analytic sequence x = ( x mn ) is a- convergent if and only if x G V a . 

Definition 2.9. A double analytic sequence x = (x mn ) of real numbers it said to be <r- 
convergent to zero provided that 



P- lim 

p, Q 



jp 

pq 



V Q 

E E 



m = 1 n—1 






l 

cr m (k) + a- rn (<?) 



0, uniformly in (k, £). 
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In this case we write (J2-Iimx=0. We shall also denoted the set of all double cr-convergent 
sequences by V%. Clearly C A 2 . 

One can see that in contrast to the case for single sequences, a P-convergent double se- 
quence need not be cr-convergent. But, it is easy to see that every bounded P-convergent 
double sequence is convergent. In addition, if we let a (m) = m + 1 and a (n) = n + 1 in then 
cr-convergence of double sequences reduces to the almost convergence of double sequences. 

The following definition is a combination of strongly A-summable to zero, modulus function 
and cr-convergent. 

Definition2.10. Let / be a modulus, A = (a™ e n ) be a nonnegative Pff-regular summa- 
bility matrix method and 



'l, 1, - 1 N 
1 , 1 , ... 1 



V 1 ’ 1, - 1 



We now define the following sequence spaces: 



X 2 (A, /) 

( oo oo 'I 

= fex 2 : P- k lj m E E (“S") f ((* m ( fc ) + W) ! = 0 



m= 0 n — 0 



A 2 (A, /) 



= < x 



e A 2 : sup E E (“S") / (|*a-(fc), < oo 

— r\ ^ — n 



m—0 n = 0 



If f (x) = x then the sequence spaces defined above reduce to the following: 



X 2 (A) 

( OO OO 'j 

= \x G X 2 : P-lim E E «D W + W) ! K-(k)^w\) am{k)+ ° nW = 0 



m—0 n—0 



and 



A 2 (A) 



OO OO 



= < x 



e A 2 : sup E E ( a fcD (| x <r™(k), < 00 f ■ 

— n ^ — n I 



m—0 n—0 



Some well-known spaces are defined by specializing A and /. For example, if A = (C, 1, 1) the 
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sequence spaces defined above reduces to x 2 (/) an d A 2 (/) respectively 

x 2 (/) 



k - 1 l-l 



= \ x G x 2 : P-Hm- EE/ ((*"* W + W) ! "»«)!) = 0 



m = 0 n=0 



A 2 (/) 



{ fc-i <-i | 'j 

xeA2 '- ™fki EE/ *»(<) I) '"•«+'"« < 00 L 

m— 0 n=0 ) 

As a final illustration, let A = (C, 1, 1) and / (a;) = rc, we obtainthe following spaces: 

( k - 1 ^-i > 

X 2 = <1 * € X 2 : P-Jm- E E ((*”* (*) + ^ W) 1 W, |) = Q 



and 



m— 0 n— 0 
/ e — 1 £-1 



a2 w 6A2: t«E? 



\x 



cr rn (k), a n (i) 



< oc t 



m—0 n—0 



§3. Main results 

In this section we shall establish some general properties for the above sequence spaces. 
Theorem 3.1. x 2 (A, /) and A 2 (A, f) are linear spaces over the complex filed C. 
Proof. We shall establish the linearity y 2 (A, /) only. The other cases can be treated in 
a similar manner. Let x and y be elements in x 2 (A, /) . For A and fi in C there exist integers 
M\ and N /x such tht |A| < M\ and \/i\ < N lt . From the conditions (ii) and (iii) of Definition 
2.1, we granted the following 

OO OO 

E E (“S") / ( fc ) + ^ W) ! <r n W + 

m—0 n—0 

OO OO 

m—0 n—0 

OO OO 

+JV„ EEW/^W + ^W ) 1 k-w, , 

m—0 n—0 

for all k and t. Since x and y are x 2 (A, /) , we have A x + fiy G x 2 (A, /) ■ Thus x 2 (A, /) is a 
linear space. This completes the proof. 

Theorem 3.2. x 2 (A, /) is a complete linear topological spaces with the the paranorm 

OO OO 1 

g(x) = sup E OS") / (K-'(fc), <r"W |) . 

ki m—0 n—0 

Proof. For each x £ x 2 (A, /) , 5 (x) is exists. Clearly g (9) = 0, g (— x) = g (x) , and 
g (x + y) < g (x)+g ( y ) . We now show that the scalar multiplication is continuous. Now observe 
the following: 

OO OO 1 

g (Ax) = sup X] E «D / (| Ax am(fe)i < (1 + [A]) g (x). 

ki m—0 n—0 



22 



N. Subramanian, U. K. Misra and Vladimir Rakocevic 



No. 1 



Where |Aj °- m (n)+°-"(P denotes the integer part of |A| ^ m (»)+»"(P . In addition observe that 
g ( x ) and A approahces 0 implies g ( Xx ) approaches 0. For fixed A, if x approaches 0 then g (Ax) 
approaches 0. We now show that for fixed x, A approaches 0 implies g (Xx) approaches 0. Let 

x e X 2 (A /) , thus 



OO OO / 

P- ,hm E E Wf) f ( ((^ m (*) + ° n m 

k*- m— 0 n= 0 ' 



C cr m (fc), (T n {t ) | 



z (fc) + ° 



=o . 



If |A| " m(Tl) +' T " (f) < 1 and MeNwe have: 

OO OO 

E E «T) / ((k 1 ( fc ) + m x k-w, ,««)l)“) 

m=Q n— 0 

OO OO 

< E E (“£")/(((*”*(*)+*"(*))! A|x CT ™ (fe) , ff n W |)^F^) 

m<M n<M 

OO OO 

+ E E «n / ((A m (*) + («))! a i^ m(fe) , '”■<*>+'"<«) . 

m>M n>M 

Let e > 0 and choose IV such that 

OO OO 

EEra/f^w + ^w) 1 |^( fc ), ^ w |)""‘ wW ‘ w ) <e ( 3 ) 

m=0 n— 0 

for k, £ > N. Also for each (k. £) with 1 < k < N, 1 < £ < N, and since 

OO OO 

EEWJ/f^W + ^W) 1 |^( fe)lCT n W |)^P^) <00, 

m— 0 n=0 

there exists an integer M\ z j such that 

E E («S")/(((^ m (k) + a n (£))\ < £. 

m>M ktt n>M kii 

Taking M = inf!< fc <]v(or)i<^<iv , we have for each ( k , £) with 1 < fc < N or 1 < t < N. 

E E m f (a*™ w + * n m <\- 

m>M n>M 

Also from (3), for fc, £ > N we have 

E E K7) f ({(* m w + a n m \x a m {kY 

m>M n>M 

Thus M is an integer independent of (k, £) such that 

E E (aTt n ) f (((* m (k) + a n (£))l \x am{k) . a „ (t) |) (4) 

m>M n>M 

Further for |A| < l and for all (k, £), 

OO OO 

E E («s n ) / ((K 1 (fc) + * n w)! |A^ (fe) , „»(/)!) 

m—0 n— 0 

< E E («s n )/(((^w+^w)! |A^ (fe) , a n W |)-v + -^) 

m>M n>M 

+ E E W) /(((*’" (*) + '"(*))! |Ax CTm(fe)) ^ w |)^Wy). 

m<M n<M 
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For each (k, £) and by the continuity of / as A — > 0 we have the following: 



E E wn f w + a n m \\ Xam{k) , aHe) \ 

m<M n<M 

l 

Now a choose S < 1 such that |A| < S implies 

E E («5")/(rW + ^W)! |A^ (fe) , (5) 

m<M n<M 

OO OO / 1 \ 

It follows that f) J2 f [((cr 171 (k) + a n (£))\ |Ax a m (fe)) a n W |) j < e for all 

m=0 n— 0 ' ' 

( k , £) . Thus g (Ax) — * 0 as A — > 0. Therefore \ 2 (A /) is a paranormed linear topological 
space. 

Now let us show that x 2 ( A , /) is complete with respect to its paranorm topologies. Let 
( x m n ) be a cauchy sequence in y 2 (A /) • Then, we write g ( x s — x 4 ) — ♦ 0 as s, t — > oo, to 
mean, as s, f — > oo for all (/c, £), 

OO OO 

«/*)/ 

m=0 n — 0 

Thus for each fixed m and nass, t — > oo. We are granted 

f((m + n)\ ]a4„-x^„|) -> 0 




<7 m (fc) + *"(*))! 



a rn (k ), <r ri (^) 



— X 



cr m (fc), a n (£) 



^ o- m (fc)+cr rl (^) ^ 



0. (6) 



and so (x^ n ) is a cauchy sequence in C for each fixed m and n. Since C is complete as s — > oo 
we have x s mn — > x mn for each (mn) . Now from Definition 2.9, we have for e > 0 there exists a 
natural numbers N such that 



m—0 



E 



KD / 



i = o 
t > N 



a m (k) + a n (£))! 



^a rn (k), a n (£) ^cr m (fc), cr ri (^) 



(T 771 (fc)+<T rl (£) 



< e, 



for (/c, . Since for any fixed natural number M, we have from Definition 2.10, 



E 

m<M 



E wn f (((v™ w + * n m 

n < M 
s, t > N 



^cr m (fc), (7 n (^) ^(T m (k), a n (£) 






< e, 



for all (fc, £) . By letting t — » oo in the above expression we obtain 



E 

m<M 



E (aTe n ) f (k) + a n (£))\ 

n < M 
s > N 



X a m (k), <r n (t) x a m {k). 



l 

^ CT m (fc)+CT Hn 'Ci) 



< e. 



Since M is arbitrary, by letting M — > oo we obtain 

OO OO / 

X a m (k), a n (l) ~ x a m (k), cr"(^) 

ra=0 n— 0 x 



EEw/ (rw+^"W) ! 



<x m (fcJ + CT 71 (£) \ 

) <e ■ 
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for all (k, £) . Thus g ( X s — x) — > 0 as s — > oo. Also (cc s ) being a sequence in x 2 (A, /) be 
definition of x 2 (A, /) for each s with 



EEw)/ + 

m— 0 n=0 ' 



t 'cr m (/c), tJ ri (£) X a rn (k), a n (£) 



^ o- m (fc)+o- ri (^) ^ 



as (k, £) — > oo thus i£x 2 (A, /)• 

This completes the proof. 

Theorem 3.3. Let A = (a^ n ) be nonnegative matrix such that 



SU P E E ( a kT) < 00 

m—0 n—0 

and let / be a modulus, then x 2 (A, /) C A 2 (A, /). 

Proof. Let a; £ x 2 (A, /) ■ Then by Definition 2.1 of (ii) and (iii) of the modulus function 
we granted the following: 

OO OO 

E E («s n ) i ( fc ), w i ) ) 

m= 0 n—0 

oo oo oo oo 

< EE / (((a m (k) + a n (£))! - 0 |)^Wj) + / (| 0 |) EEff). 

m= 0 n—0 m=0 n=0 



There exists an integer N p such that |0| < N p . Thus we have 

OO OO 

E E («s n ) / (V m ( fc ) + W) ! <,»(/)!) ' mwl+ '" w ) 

m=0 n=0 

oo oo oo oo 

< EE/ (((^ m ( fc ) + W) ! - o|) ™Wy) + Npf (1) £ £ (o^) . 

m—0 n=0 m—0 n—0 

Since 

OO OO 

sup E E ( a S n ) < 00 

ke m=0rs=0 

and x £ x 2 (A, /) , we are granted x £ A 2 (A, /) and this completes the proof. 

Theorem 3.4. Let A = (a™/ 1 ) be nonnegative matrix such that 

OO OO 

sup E E ( a S n ) < 00 

ki m=0 n—0 

and let / be a modulus, then A 2 (A) C A 2 (A, /). 

Proof. Let x £ A 2 (A) , so that 

OO OO 

sup E E a M n K m w. <T"wh m( ' E)+ ' T " w < 

k, £ n n 

’ m=0 n=0 

Let e > 0 and choose 5 with 0 < <5 < 1 such that f (t) < e for 0 < t < 6. Consider, 
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oo oo 



E5>s”/( 

m — 0 n= 0 
oo oo 

- E E 



(J™ (k) , (T n (£) | 



)+*"(£) ^ 



h kl 



m = 0 



7(| 



'cr™ (k ) , cr 71 (7) 



cr m (fc) + 



E cr™-(fc), er™(.£) 



= 0 

cr™ (k)+cr n (£) < ( 



+ E 

m=0 



E 






/ (\Xa* 



(k), <r"(£) 



7"(t) 



cr m (fc)+cr n (£) 






= 0 

1 ^ 

a ™(k) + a n (£) > s 



Then 



E 

m—0 



X CT rn (fc) , <T n (£) 



E 

n = 0 

a'"qfc)W l (£) < 5 



For 



mn £ ( I , ^ I a™(k)\cr n (i) 

a k£ J ^|*^£T m (fc), a n (£) | 






oo oo 

7EE 

m—0 n = 0 






( 7 ) 



we use the fact that 

|**'<r 7n (fc), <j n (£) 






< 



cr™- (k) + <7 n (Z) 



< 



1 + 



^cr m (fc), a n (£) 



a™- (k) + o- n (£) 



where [t\ denoted the integer part of t and from conditions (ii) and (iii) of Definition 2.1, 
modulus function we have 



/(I 



'<j™(k), a n (£) 



cr™ (k) + cr n (£) j 



^ | x <J rn (k), cr"-(l) 



cr™ (k) + a n (£) 



/(l) 



<2/(l) 



\x 



a™ (k ) , cr n (£) 



cr™ (k) + cr n (£) 



v( 



J 1 |2 ; <T m (fc), <T"(^) 



Hence 

OO OO 

E E 

m = 0 n = o 

1 

| xmn | ™ + ™ > <5 

0 - / 1 \ OO oo 

< 7 ( ' rrm I | ^iM+^lt) 

- ,5 2^ \ x v 7n {k), <r"M| 

m—0 n=0 

which together with inequality (7) yields the following 



cr 777 - (fcO + er 71 (£) 



OO OO 

£X>s”/(l 



' a rn (k ), <j n (■£) 



<T m (fcj + cr 71 (£) 



m—0 n— 0 
oo oo 



7 EE 



mix 
a ki ' 



2 /( 1 ) 



m=0 n— 0 



EE 

m—0 n=0 



|-£cr m (/c), <r n (^)| 
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Since 

OO OO 

sup E E (“S’ 1 ) < °° 

kt m=0n,=0 

and x £ A 2 (A), we are granted that x £ A 2 ( A , /) and this completes the proof. 

Definition 3.1. Let / be modulus a^" be a nonnegative RH- regular summability matrix 
method. Let p = (p mn ) be a sequence of positive real numbers with 0 < p mn < sup p mn = G 
and D = max (l, 2 G_1 ) . Then for a mn , b mn £ N, the set of comples numbers for all m, n £ N, 
we have 

l^mn T ^mn| 771+71 "£ D 711+71 -£ |6 mn | 771+71 . 

Let ( X , q ) be a semi normed space over the field C of complex numbers with the semi norm q. 
We define the following sequence spaces: 



x 2 (A, f, P, Q ) 



= x£\ 2 
= 0, 



P- 



OO OO 

Vi m EE( a ™) [/ (« ((*"*(*) 



W)! 



m—0 n — 0 



cr n (^) |) 



£T m (fc) + (T n (^) 




A 2 {A, /, p, g) 

OO OO 

= x £ A 2 : sup ^ ^ (o£f) 

ki ra=0n=0 

< OO. 

Theorem 3.5. Let /i and / 2 be two modulus. Then \ 2 (A, /i, p, g) P| x 2 (A, / 2 , p, q) C 

X 2 (A, fi + h, P, q )■ 

Proof. The proof is easy so omitted. 

Remark 3.1. Let / be a modulus q\ and g 2 be two seminorm on X, we have 

(i) X 2 (A, /, p, gi) fl X 2 (A, /, p, < 72 ) Cx 2 (A, /, p, gi+g 2 ), 

(ii) If qi is stronger than q 2 then y 2 (A, /, p, gi) C y 2 {A, /, p, g 2 ), 

(hi) If 91 is equivalent to q 2 then y 2 (A, /, p, gi) = x 2 (A, /, p, q 2 ). 

Theorem 3.6. Let 0 < p mn < r mn for all to, n £ N and let | ' knn j be bounded. Then 

X 2 (A, /, r, q) C x 2 (A, /, p, g). 

Proof. Let 

x £ x 2 (A, /, r, g) , 



/(«(l 



CT m (/c), a n (£) | 



| cr 7Tl (fc) + cr Tl (£) 



OO OO 

EEff) [/ (<?((*"*(*) 



m— 0 n— 0 



W)! 



<r ri (€) I 



cr m (fc) + cr n (£) 



(8) 



Let 



OO OO 



*- = EE (<n [/ (« ((^ ( fc ) + ^ M) ! k-w, 



(9) 



m—0 n— 0 
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we have 7 mn = Pmn/rmn • Since p mn < r mn , we have 0 < 7 mn < 1 . Let 0 < 7 < 7 mn - then 

tmni if (^mn ^ 1) 5 



'U j mn — 



Oj ^ (^ran ^ 1) 5 



'Vmn — 



0, if (t mn > 1) , 

^mnj if ( [tmn < 1) • 



tmn U mn + V mn , — w mn r l/ mn ■ 



Now, it follows that 



Since 



Thus, 



u rrm — u mn 5s t mn: — u mn- 



Vmn = . w e have 



< 



< 



< 



00 00 



m= 0 n=0 
00 00 



m— 0 n=0 
00 00 



m—0 n=0 
00 00 



m=0 n—0 
00 00 



m=0 n—0 
00 00 



m—0 n—0 



/ (<?((T m 


(fc) 


+ cr” 


(0)1 




■‘(fc), <7 T 


*w 




1 

' l (k) + (7 7 




/ (<? ((T" 1 


(fc) 


+ cr” 


(0)1 


Z<T” 


'*(*)> 


l W 




1 

' l (k) + C7 7 




/ 


(fc) 


+ cr” 


(0)1 


| X (j n 


"*■(*)> CTT 




r 


1 

,l (fc) + cr 7 




/ (<?((T m 


(*) 


+ <T n 


(0)1 


1 ^er 71 


■*(*). CT ’ 




V' 


1 

^ (fc) + cr 7 




/ (?((*"* 


(fc) 


+ cr” 


(0)1 


| ^er 71 


■*(*). CT ’ 




)°" 


1 

^ (fc) + er 7 




/ (q ((T m 


(fc) 


+ (T n 


(0)1 


\x a r, 


■‘(fc), (T T 


‘W 




1 

^(fcj + cr 7 


% w j 



(10) 

(ii) 



1 Pmm./rr, 



But 



OO OO 

p -j m E E (°s n ) [/ (? ((*”* (*) + * n m 



= 0. 



m—0 n—0 



Therefore we have 



OO OO 



^lirn £ £ (aS n ) [/ (<Z (K* (*0 + ( 0)1 „» w | 



m—0 n—0 



= 0. 



Hence 



x G x 2 (A f, P , <l) ■ 



(12) 
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From (8) and (12) we get x G x 2 (A, /, r, q) C x G x 2 {A, /, p, q) ■ 

Theorem 3.7. The space x G x 2 (A, /, p, q) is solid and a such are monotone. 

Proof. Let ( x mn ) G x G x 2 {A, /, p, <7) and {a mn ) be a sequence of scalars such that, 
\ot mn | < 1 for all m, n G N. Then 



oo oo 



E E (°s n ) [/ (« (K 1 (fc) + * n m Knx„m (k)t 



ra=0 n=0 
00 00 



< 



< 



E E (“E") [/ (9 (K 1 ( fc ) + W)! |^ (fe ), |) 

m—0 n=0 
00 00 

E E ( a ^) [/ (<? ((*"* W + (0)! | CXmnX 

m = 0 7i=0 
00 00 

E E ^ [f (9 ((^ m w + ^ (0)! |^ (fc) , 



cr 771 (k) + a n (£) 



)], 



N, 



a rn (k), a n (£) 






<r n W I 



cr rrl (k) + cr TL (£.) 



771=0 71=0 



N, 



for all m, bGN. This completes the proof. 
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On the hybrid mean value of the Smarandache 
kn digital sequence with SL(n ) function and 
divisor function ti(n ) 1 
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Abstract The main purpose of this paper is using the elementary method to study the 
hybrid mean value properties of the Smarandache kn digital sequence with SL(n) function 
and divisor function d(n), then give two interesting asymptotic formulae for it. 

Keywords Smarandache kn digital sequence, SL(n) function, divisor function, hybrid mean 
value, asymptotic formula. 



§1. Introduction and results 



For any positive integer k, the famous Smarandache /cn-digital sequence a(fc,n) is defined 
as all positive integers which can be partitioned into two groups such that the second part is k 
times bigger than the first. For example, Smarandache 3n digital sequences a(3 ,n) is defined 
as {a(3, n)} = {13, 26, 39,412, 515, 618, 721, 824, ••• }, for example, a(3, 15) = 1545. In the 
reference [1], Professor F. Smarandache asked us to study the properties of a(k,n), about this 
problem, many people have studied and obtained many meaningful results. In [2], Lu Xiaoping 
studied the mean value of this sequence and gave the following theorem: 



E 

n<N 



n 

a(5, n) 



9 

50 In 10 



• In AT + 0(1). 



In [3], Gou Su studied the hybrid mean value of Smarandache kn sequence and divisor 
function cr(?r), and gave the following theorem: 



E 

n<x 



°~(rc) 

a(k, n) 



37T 2 

k ■ 20 • In 10 



• In a; + 0(1), 



where 1 < k < 9. 

Inspired by the above conclusions, in this paper, we study the hybrid mean value properties 
of the Smarandache fcn-digital sequence with SL(n) function and divisor function d(n), where 

1 This work is supported by Scientific Research Program Funded by Shaanxi Provincial Education Depart- 

ment(No. 11JK0470). 
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SL(n) is defined as the smallest positive integer k such that n\ [1, 2, . . . , k], that is SL(n) = 
min{fc : k £ N, n|[l, 2, . . . , fc]}. And obtained the following results: 

Theorem 1.1. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic 
formula 



E 

n<x 



SL(n) 
a(k , n) 



37T 2 

k ■ 20 



• In In a: + 0(1). 



Theorem 1.2. Let 1 < k < 9, then for any real number x > 1, we have the asymptotic 
formula 



E 

n<x 



d{n) ■ SL(n ) 
a(k , n ) 



k- 20 



• lnlnrr + 0(1). 



§2. Lemmas 

Lemma 2.1. For any real number x > 1, we have 

SL(n ) 7T 2 a 



E 



o 



n<x 



In 2 x 



6 In a; 

Proof. For any real number x > 1, by reference [4] we have the asymptotic formula 



E SL ( n ) = 

n<x 

Using Abel formula (see [6]) we get 
SL(n ) 



7 T 2 X 2 

12 In a; 



O 



In 2 : 



E 

l<n<x 



1 / 7T 2 X 2 „ f X 2 



2 

7T Z X 



12 In a; 
O 
O 



+ o 



In 2 ; 



r x i_ z ^ 2 ft 2 

t 2 \ 12 In t ^ 



In z t 



dt 



12 In x 
2 

7T Z X 

6 In a; 



In 2 x 



In 2 x 



2 rx 



1 



— / - — dt + O 

12 J 1 lnt 



'i In 2 1 



dt 



This proves Lemma 2.1. 

Lemma 2.2. For any real number x > 1, we have 
d(n) ■ SL(n) tt 4 x 

n " ^ 



2<X 



In 2 : 



n 18 In a; 

Proof. For any real number x > 1, by reference [5] we have the asymptotic formula 



d[ri) ■ SL(n) = 



n<x 



7T 4 X 2 

36 In x 



O 



In 2 x 
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Using Abel formula (see [6]) we get 



E 

1 <n<x 



d(n) • SL(n) 
n 






7T 4 


X 


+ o( 


( X 


36 


In x 


\ In 2 x 


7 r 4 


X 


+ o( 


( X 


18 


In x 


\ In 2 x 



36 




— h dt + O 

In t 




dt 



This proves Lemma 2.2. 



§3. Proof of the theorems 

In this section, we shall use the elementary and combinational methods to complete the 
proof of our theorems. We just prove the case of k = 3 and k = 5, for other positive integers 
we can use the similar methods. 

First we prove theorem 1.1. Let k = 3, for any positive integer x > 3, there exists a positive 
integer M such that 



33 ■ ■ • 33 < x < 33 - -33 . 

M M + 1 



So 



10 M - 1 < 3a; < 10 M+1 - 1, 



Then we have 



In 3a; 
In 10 



- 1-0 




, In 3a; „ 

^ M< hoo-° 




By the definition of a(3,ro) we have 



(1) 



E 

l<n<ai 



SL(n) 
a(3, n) 



3 nr/ \ 33 nr/ \ 333 n r / \ 3 

y SL(n) SL(n) y SL(n) 

• ^ n(j\ J n(R n ^ ^ CL (3, 77-) * ^ 



“ a(3,n) ' a(3,n) 

i=l v ’ 7 n = 4 v ’ 7 n= 34 

SL(n ) 



SL{n) 
a (3, n) 



E 



E 



a(3, n) 

SL(n) SL(n) 






+ E 



+ E 



n(10 + 3) n(10 2 + 3) 

=1 v 7 n = 4 v 7 n=34 

SL(n) 



4 • io iW - i 



E 



i n(10 M + 1 + 3) x 



+ E 



SL(n) 

n(10 3 + 3) + ' 
SL(n) 



10 M <n<: 



n(10 M+2 + 3) ’ 



(2) 



34 
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Form (1), (2) and lemma 2.1 we get 



• 10-1 

E 



SL(n) 



^ n.( 10 * + 3) 

n=4-10 ft L 



E 



SL(n) 



- E 



SL(n) 



n ■ (10 fc + 3) n ■ (10 fe + 3) 

±10 fc -l V ' n=4- 10 fc - 1 V ' 



7 r 2 | • 10 fc - | • 10 



fc-i 



6 



10 fc + 3 



ln(| ■ 10 fc ) (/c 2 



3tt 2 1 / 1 

3 • 20 ' A: + U U’ 2 



(3) 



Note that the identity — r = 7r 2 /6 and the asymptotic formula 



\<k<M x 



where 7 is Euler’s constant. 
Form (1), (2) and (3) we get 



SL(n) 



' a(3,rc) 

l<n<x v ’ ’ 



A SL{n) y SL(n) y SL{n ) 
«’! + ^ a(3, n) + ^ a(4, n) 

SL{n ) 



^ a (3, n) 

E 



|-10 M <n<x 



a(3, ra) 



Y 3tt 2 1 / Y, 1 

^ 3 • 20 ' k + ° 1 ^ A- 2 



fe = l 
37 r 2 
3-20 



^fc=i 



A: 2 



Inina; + 0(1). 



±•10" -1 



E 



SL(n) 
_j a(3,n) 



Now we prove the case of fc = 5, for any positive integer x > 1, there exists a positive 
integer M such that 



So 



Then we have 



200 ••• 00 < x < 199 •■■99 . 

M M+l 



10 M < 5a; < 10 M+1 - 5, 



In 5a; 
In 10 



-1-0 




< M < 



In 5a; 

In 10 ' 



(4) 
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By the definition of a(5,n) we have 
SL(n) 



E 

l<n<x 



x(5, n) 



y, SL{n) y, SL(n) y SL(n) 

^ a(5,n) ^ a(5,n) ^ a(5,n) 

n= 1 v ’ > n= 2 v ’ ' n,= 20 v ’ ' 



• 10" -1 



SL(n) 
a(5,n) 

n=1.10 M - 1 v ' 



+ E 



i-10 M <n<x 



SLjn) 
x(5, n) 



y SL(n) y SL(n) y, SL{n) 

~ 2 riYin 4- M + 2 ^, rhlfU -4- M + 2 -^ 



^ n(10 + 5) ^ n(10 2 + 5) 

i— 1 v ' n—2 v ' n— 20 

i 10 M -1 



+ E 

n=|-10 M 



SX(n) 



+ 



x n(10 M+1 + 5) \ 



E 



n(10 3 + 5) 

SL(n) 



10 M <n<x 



ro(10 M+2 + 5) ’ 



(5) 



Form (4), (5) and lemma 2.1 we get 

•10 fc -l 



5 x ‘ SL{n) _ y 

E n ■ (10 fc + 5) " , 2^, n . (io* + 5) , ^ n • (10 fe + 5) 

1=1. lO* 1 - 1 V ' i-10 fe -l V ' i-10 fc - 1 V ' 



SL(n) 



E 



SL(n) 



t r 2 | • 10 fc - l ■ 10 



k - 1 



10 k + 5 



ln(i.lOfc) 



+ 0, P 



37T 2 1 



5-20 k 



+ o 



Similar to the proof k = 3, we get 



SL(n) ^ SL(n) A SL(n) ^ SL(n) 

> -=^4 = > ; + > ^E+> -=M- + -- + 

• ^ d(5, 77-) ' ^ n 1 f ^ n (*r\ n) * ^ 






l<n<x 



“ a(5,n) “ a(5,n) 

2=1 v ’ > n—2 v ’ ’ 



n— 20 



a(5, n) 



E 



r=i-10 M 



SL{ri) 
_ x a (5, n) 



+ E 



|-10 M <n<x 



M 



5L(n) 
a(5, n) 

/ M 



\k = 1 



y 37T 2 1 / y^ 1 

^ 5-20 ‘ fc + 

k = i V; ' 

3tt 2 

Inina; + 0(1). 



5-20 

By using the same methods, we can also prove that the theorem holds for all integers 
1 < k < 9. This completes the proof of theorem 1.1. 

Similar to the proof of theorem 1.1, we can immediately prove theorem 1.2, we don’t 
repeated here. As the promotion of this article, we can consider the hybrid mean value of 
Smarandache kn sequence with other functions such as SL*(n), Sdf(n), a(S(n)), f l(S*(n)), and 
obtain the corresponding asymptotic formula. 
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§1. Introduction 

We denote by J the normalized duality mapping from X into 2 X by 
J(:r) = {/eX*: (x,f) = ||z|| 2 = ||/|| 2 }, 

where X* denotes the dual space of X and (., .) denotes the generalized duality pairing. 

Definition 1.1. 1 15 ! A mapping T : X — > X with domain D(T) and R(T ) in X is called 
strongly pseudocontractive if for all x, y £ D(T), there exist j(x — y) £ J(x — y) and a constant 
k € (0, 1) such that 

(Tx - Ty, j(x - y)) < k\\x - y\\ 2 . 

Closely related to the class of strongly pseudocontractive operators is the important class 
of strongly accretive operators. It is well known that T is strongly pseudo-contractive if and 
only if (J — T) is strongly accretive, where I denotes the identity map. Therefore, an operator 
T : X — > X is called strongly accretive if there exists a constant k £ (0, 1) such that 

{Tx - Ty, j(x - y)) > k\\x - y\\ 2 , 

holds for all x, y £ X and some j(x — y) £ J(x — y). These operators have been studied and 
used by several authors (see, for example [13-20]). 

The Mann iteration scheme introduced in 1953, was used to prove the convergence of 
the sequence to the fixed points of mappings of which the Banach principle is not applicable. In 
1974, Ishikawa I 7 1 devised a new iteration scheme to establish the convergence of a Lipschitzian 
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pseudocontractive map when Mann iteration process failed to converge. Noor et al. I 13 l, gave the 
following three-step iteration process for solving non-linear operator equations in real Banach 
spaces. 

Let K be a nonempty closed convex subset of X and T : K — > K be a mapping. For an 
arbitrary xq £ K , the sequence {* ra }^L 0 C K , defined by 

Xn + 1 — (1 dn)X n C^nT?/ n , 

Vn — (1 /dn)*^n i 

2n = (1 - 7n)£n + 7„ Tx n , Tl > 0, (1) 

where {a n }” 0 , {/?„}“ =o an d {7™}^=o are three sequences in [0,1] for each n, is called the 
three-step iteration (or the Noor iteration). When 7 n = 0, then the three-step iteration reduces 
to the Ishikawa iterative sequence {x n }^ =0 C K defined by 



Xn- f-1 — (1 ck n)x n -\- a n Ty n , 

Un = (1 - Pn)x n + PnTx n , Tl > 0. (2) 

If (3 n = "in = 0, then (1) becomes the Mann iteration. It is the sequence {x n }'^L (j C K 
defined by 

Xn-\-l — (1 Qn^Xfi “t“ CX n Tx n , Tl 7^ 0. (3) 

Rafiq t 15 ] ; recently studied the following of iterative scheme which he called the modified 
three-step iteration process, to approximate the unique common fixed points of a three strongly 
pseudocontractive mappings in Banach spaces. 

Let Ti, T 2 , T 3 : K — > K be three mappings. For any given xq £ K , the modified three-step 
iteration {i n }“ =0 C K is defined by 

Xn-\-l — (1 dn)x n -\~ a n Tiy n , 

Vn (1 dn ) X n ~\~ fi n T 2 Z n •, 

z„ = ( 1 - Jn)x n + 7n T 3X n , Tl > 0, (4) 

where {a„}J£L 0 , {(3 n }^L 0 an d {7"}5^=o are three real sequences satisfying some conditions. It 
is clear that the iteration schemes (l)-(3) are special cases of (4). 

It is worth mentioning that, several authors, for example, Xue and Fan d 7 J , and Olaleru and 
Mogbademu d 4 l have recently used the iteration in equation (4) to approximate the common 
fixed points of some non-linear operators in Banach spaces. 

In this paper, we study the following iterative scheme f(Ti,v n ,x n ) involving a strong 
pseudocontraction Ti and a sequence {v n }'^L 0 in X: Xq £ X. 

Xn+ 1 /(Tl , Vn , Xri) 

= (1 - a n )x n + a n TiV n , n > 0, (5) 

where {a„}“_ 0 is a real sequence in [0, 1] to approximate the unique fixed point of a continuous 
strongly pseudocontractive map. 
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This iteration scheme is called unified iteration scheme because it unifies all the iterative 
schemes mentioned therein. For example: 

(i) Its gives the Mann iteration as a special case when v n = x n , (n > 0) and T\ = T (see 
Mann [9]). 

(ii) If v n = y n where y n = (1 — (3 n )x n + (3 n T 2 x n and T x = T 2 = T we have the Ishikawa 
iterative scheme (see, Ishikawa [7]). 

(hi) If v n = y n where y n = (1 - (3 n )x n + /3 n T 2 z n , z n = (1 - 7 n )x n + InT^Xn and T X =T 2 = 
T 3 = T we have the Noor iterative scheme defined in (1). 

(iv) If v n = y n where y n = (1 - (3 n )x n + fl n T 2 z n , z n = (1 - 7 „)x„ + 7 n T 3 x n we have the 
modified Noor iterative scheme recently studied by Rafiq l 15 ^ , Xue and Fan I 17 ! and Olaleru and 
Mogbademu 1 14 1. 

Moreover, we show that this unified iterative scheme can be used to approximate the 
common fixed points of a family of three maps. Thus, our results are natural generalization of 
several results. 

In order to obtain the main results, the following Lemmas are needed. 

Lemma 1 . 1 . 1 15,16 ! Let E be real Banach space and J : E 2 E be the normalized 
duality mapping. Then, for any x, y £ E 



ity 



\\x + y\\ 2 < INI 2 + 2 < y, j{x + y) >, Vj(x+y) £ J(x + y). 

Lemma 1.2. 1 16 ! Let ( a n ) be a non-negative sequence which satisfies the following inequal- 

VJn+l — (I n)VJ n T 



where X n £ (0, 1), Vn £ N, X n = 00 and S n = o( A„). Then limn^oo a n = 0. 



§2. Main results 



Theorem 2.1. Let X be a real Banach space, K a non-empty, convex subset of X and 
let Xi be a continuous and strongly pseudocontractive self mapping with pseudocontractive 
parameter k £ (0, 1). For arbitrary Xo £ K , let sequence {x n }%L 0 be define by (5) where 
{a„}£T 0 i s a sequence in [0, 1] satisfying the conditions: 



lim a n 

n — »oo 



00 

0, ^2 a n = OO. 
n=l 



if 



\\Tiv n - T x x n+ 1 || -> 0, 



as n — > 00 , then the sequence {x n }^L 0 converges strongly to a unique fixed point of T x £ K. 

Proof. The existence of a common fixed point follows from the result of Deimling (1978), 
and the uniqueness from the strongly pseudocontractivity of T x . Since r I\ is strongly pseudo- 
contractive, then there exists a constant k such that 



(T x x - T iy , j(x - y)) < k \\x - y || 2 . 
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Let p be such that T\p = p. From Lemma 1.1, we have 



lkn+i ~ p\\ 2 



{x n+ i - p,j(x n+ 1 - p)) 

((1 - a n )x n + a n Tiv n - (1 - a n )p - a n ,j(x n+ 1 - p)) 
((1 - a n )(x n - p) + a n {TiV n - p),j(x n+1 - p)) 

((1 - a n )(x n - p),j(x n+ 1 - p)) 

+ (a n (T 1 v n - p),j( x n+ i)} 

(1 - a n )(x n - p,j(x n+ 1 - p)) 

4 -^l^n+1 ? j (*^n+l P)) 

Pij(Xn-\-l p))- 



( 6 ) 



By strongly pseudocontractivity of Ti, we get 

C^n(^l*£ra+l P, j(x n _|_i) Q ; n^||*En+l p|| > 

(7) 

(8) 

(9) 

Multiplying inequality (9) by 2 throughout, we have 

2||*n+i — p|| 2 < (1 - Oi n ) 2 \\x n - p|| 2 + ||x„ + i - p|| 2 + - T?x n+1 \\ 2 

+a 2 \\x n+ i - p\\ 2 + 2a n k\\x n+ i - p\\ 2 . 

By collecting like terms ||x n +i — p| | 2 and simplifying, we have 

(1 - 2 a n k - al)\\x n+1 - p\\ 2 < (1 - a n ) 2 \\x n - p\\ 2 + ||Tn> n - Tix„ + i|| 2 . 

Since limn^oofl — 2 a n k — a 2 ] = 



for each j(x„.+i — p) £ J(x n +i — p), and a constant fc € (0, 1). 

From inequality (6) and inequality ab < a + b , we obtain that 

(1 — a n )||a; n — p| ||x’n+i — p| < —(1 — o; n )||a: n — p\\ + ||x n _|_i — p||“ 

and 

a n \\Tiv n - Tia; n+ i||||x n+ i - p\\ < ^(||Tiu n - Tix n+ i|| 2 + a 2 ||x n+ i - p|| 2 ). 
Substituting (7) and (8) into (6), we infer that 

ll^n+l — P|| ^ 2 — ° tn ) ll a ' n — a "ll ||®n+l — Pll“) 

+ 2^^i u ” “ 7 n ix n _(_i || 2 + a 2 ||x n+ i - p|| 2 ) 
+Q! ra fc||x n -)-i p|| . 



1 > 0, there exists a positive integer Nq such that 
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1 — 2 a n k — a 2 > 0 for n > Nq. Then the inequality above implies that 
Ikn+i - p|| 2 < 



(1 — «n) 2 „ n2 , \\ T l^n - TiX^+iH 2 

aFn-pll 



1 — 2 a n k — a 1 



1 - 2 a n k - a 2 



^ m , (1 - 2o„ + a 2 - 1 + 2fca n + a 2 ) 2 

^ (1 + 1 “a )\\Xn-p\\ 



+ 



1 — 2a n k — a 2 
|Tiv„ - Tix n+ i|| 2 



1 — 2a„ k — ct? 



2a„((l k) + ct n ) 

(! - 1 — i: — -2— )ll*n - p\\ 



2 llTlUn - T^n+xW 2 

1 — 2 a n k — al n r " 1 — 2a n k — oli 



< ( 1 - 



2a n (l - k ) 

1 — 2a„fc — a? 



, | |2 , \\Tiv n - Tia; n+ i|| 2 

Fn-Pll 



1 — 2a„.k — ct? 



^ r-i o„ n ;tMi™ „n2 , ll^i^n ^lAn+ill 

< (1 2a„(l k))\\x n p || + 1 _2a nk -a 2 n 

, /-. 7\\|| 1 1 2 , — T\X n +\ || 

< (1 - ot n (l - k))\\x n - p\\ + , _ 9 , _ 2 • 

-L AGiftryj 



It follows from (10) that, 

II || 2 f-t ',|| || 2 , 11^1 v n ~ TiX n +l || 2 

\\x n+ i-p\\ < (1 — ot n r)\\x n — p\\ + 1-2 a k- a 2 ’ 



Vn > n 0 , 



(10) 



( 11 ) 



where r = (1 - fc) G (0, 1). Put A„ = ra n , w„ = \\x n - p\\ 2 , 6 n = ^ Tl ^aX-a^ • 

Thus, Lemma 1.2 ensures that lim^oo ||x„ — p\\ = 0. This completes the proof. 

Theorem 2.2. Let X , T\ and {x„}^ 0 be as in Theorem 2.1. Suppose {a n }^ =0 is a 
sequence in [0, 1] satisfying conditions of Theorem 2.1 with 

a n > m > 0, Vn > 0, 

where m is a constant. Then the sequence {x n }^Lo converges to the unique fixed point of T\ 
and 

\\x n -p\\ 2 < (1 — mr) ||x„_i — p|| 2 + M 

< (1 - mr ) ||x 0 - p\\ 2 + (1 - (1 ~r } ) m i 

for all n > 0, which implies that 

\\x n - p\\ < ((1 - mr)||x 0 - p|| 2 + — — — — mr>> ^ M)i, 

mr 

where M = sup x _ 2 Q * fc _ a 2 \\T\v n -Tix„ + i|| 2 . 

Proof. As in the proof of Theorem 2.1, we conclude that F(T{) = p and 



\x n+1 -p\\- < (1 - a n r)\\x n - p\\ 2 + 



2 . \\T\v n — Tix„+i|| : 



< (1 — mr) \\x, 

< (1 — mr)\\x n — p\\ 2 + M. 



-p\\ 2 -' W TlVn ~ Tia V+i|| 2 



(12) 



Put X n = mr , w n = \\x n — p|| 2 , S n = M = l|T )^ 2a r ^+ 2 111 . Thus, Lemma 1.2 ensures that 



lim„ — ,oo ||x n p\\ — 0. 
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Observe from inequality (12) that, 



\\xi-p\\ 2 < (1 - mr)||* 0 -p\\ 2 + M, 

||*2 — p\\ 2 < (1 — mr) ||*i — p\\ 2 + M 

< (1 — mr)[( 1 — mr)\\xo — p\\ 2 + M\ + M 

= (l — mr) 2 \\xo — p\\ 2 + M + M(1 — mr), 



\\x n -p \\ 2 < 



(1 - mr) n ||x 0 - p|| 2 + 



mr ’ 



for all n > 0, which implies that 

IK - p|| < ((1 - mr) n 11*0 - p|| 2 + (1 — (1 — mr )”) M) s . 

mr 

This completes the proof. 

Theorem 2.3. Let X be a real Banach space, K a non-empty, convex subset of X and 
let T\, X2, T3 be continuous. Suppose Tf is strongly pseudocontractive self mapping with 
pseudocontractive parameter k £ (0, 1). For arbitrary *0 £ K, let sequence {x n }^L 0 be define 
by (4) where {a n }^ =0 , {/3 n }$£Lo> {7n}n^=o are sequences in [0, 1] satisfying the conditions: 

OO 

lim a n = 0, y a n = 00 . 



If 



\\Tiy n - Ti* n+ i|| -> 0, 



as n — > 00, then the sequence {x n }'^L 0 converges strongly to a unique common fixed point of 
T \ , T 2 , T 3 . 

Proof. If we set v n = y n in Theorem 2.1. In this case , the desired result follows 
immediately from Theorem 2.1. 

Remark 2.1. Theorem 2.3 improves and extends Theorem 2.1 of Xue and Fan (2008) 
among others in the following ways: 

(i) It abolishes the condition that T t {K) is bounded. 

(ii) At least one member of the family of Tf, T 2 , T 3 is strongly pseudocontractive. 

(iii) We obtained a convergence rate estimate in Theorem 2.2. 
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§1. Introduction and preliminaries 

Let H denote the family of continuous complex-valued functions which are harmonic in 
the open unit disk U = {z £ C : \z\ < 1} and let A be the subclass of H consisting of functions 
which are analytic in U . Clunie and Sheil-Small in [2] developed the basic theory of harmonic 
functions f £ H which are univalent in U and have the normalization /( 0) = 0, /-( 0) = 1. Such 
function may be written as / = h + g, where h and g are members of A. f is sense-preserving 
if \g'\ < \h'\ in U, or equivalently if the dilation function w = y satisfies |w(^)| < 1 for z £ U. 
We may write 

OO OO 

h{z) = z + a n z n , g(z) = ^2b n z n . (1) 

n= 2 n—2 

Let Sh denote the family of functions f = h + g which are harmonic, univalent, and 
sense-preserving in U, where h and g are in A and of the form (1). 

For harmonic function / = h + g, we call the h the analytic part and g the co-analytic 
part of /. The class Sh reduce to the class S normalized analytic univalent functions in U if 
the co-analytic part of / is zero. We denote by Kh , Sh, Ch, the subclass of Sh consisting 
of harmonic functions which are respectively convex, starlike, and close-to-convex in U. A 
function is said to be starlike, convex and close-to-convex in U if it maps each \z\ = r < 1 onto 
a starlike, convex and close-to-convex domain respectively. 

Let the convolution of two complex- valued harmonic functions 

OO OO OO OO 

fl(z) = Z + y~l a ln Z n + ^ h n Z n and f 2 (z) = 2 + ^ a 2 nZ n + ^ b- 2 nZ n 

n—2 n—1 n—2 n — 1 
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be defined by 

oo oo 

fl(z) * f 2 (z) = {fl * h)(z) = 2 + ^2 a ln a 2 nZ n + ^ h nhnZ"- 

n—2 n—1 

It is noted that the above convolution formula is reduced to the Hadamard product if the 
co-analytic part of the functions f\{z) and f 2 (z) is identically zero. On the convolution of 
complex-valued harmonic functions, Ruschweyh and Shell-Small I 3 1 proved the following: 

Lemma 1.1. Let p and p be convex analytic in U. Then, we have the following: 

(i) ( p * ip){z) is convex analytic in U, 

(ii) (p * f)(z) is close-to-convex analytic in U if / is close-to-convex analytic in U, 

(iii) ( p * zf) /(</>* zip') takes all its values in a convex domain D if f /ip' takes all its values 
in D. 

Lemma 1.2. I 2 1 Let h , g £ A, 

(i) If |3 , (0)| < |/i'(0)| and h + eg is close-to-convex analytic in U for each e(|e| = 1), then 
/ = h + g € C H , 

(ii) If h + eg is harmonic and locally univalent in U and if h + eg is convex analytic in U 
for some e(|e| < 1), then / = h + g £ Ch- 

Ahuja and Jaharigiri M proved that: 

Lemma 1.3. Let g and h be analytic in U such that </(0) < | /z,'(0) | and h + eg is 
close-to-convex in U for each e(|e| = 1) and suppose <p is convex analytic in U, then 

(V? + ap) *(h + g)£ C H , \<t\ = 1- 

Lemma 1.4. I 1 ) Suppose h and <p are convex analytic in U and g is analytic in U with 
|g'(^)| < \h'{z)\ for each z £ U. Then (</>+ ep) * (h + g) € Ch for each |e| < 1. 

§2. Main results 

Let h k (z) = z k + J2n=k+ 1 a nZ kn , g k {z) = J2n=i b n z kn , k S N , we now present the main 
results. 

Theorem 2.1. Let h and g be analytic in U such that |(ff fc ) , (0)| < |(/i fe ) , (0) and h k + eg k 
is close-to-convex in U for each e-(|er| = 1. If p is convex analytic in U and p k < p\ h k < h, 
then (P k + p k )) * (, h k + g k ) C C H , ItI = 1, k £ N. 

Proof. 



(P k + ( 1 p k ))*(h k +g k ) = {P k *h k ) + {{ 1 p) k *g k ) 

= H k + G k . 

But 

= \(M) k * 9 k r \ z = o = i- V * 7(/) , u=o < \-<P k * i(h k y\ z=0 

z z 

= \{p k *ryh k )'\ < \(p*jh)'\ z = 0 - 



|(G fc )'(0)| 
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Using lemma 1.1 (ii) , we obtain for each a = ^ that 

H k + aG k = * h k ) + (cry <\> k * g k ) = </> fc * ( h k + eg k ). 

Thus by the hypothesis that h k + eg k is close to convex and using lemma 1.1 (ii) we have 
H k + aG k is close-to-convex analytic in U. 

This concludes the proof of theorem 2.1. 

Theorem 2.2. Let h and cf> be convex analytic in U and g is analytic in U such that 
\g'{z)\ < | h'(z)\. Let g k < g, h k < h. Then for each |e| < 1, (<p k + (e<^) fc ) * ( h k + g k ) is close to 
convex, k £ N. 

Proof. We write (</> fc + ( £<j)) k ) * ( h k + g k ) = (</> fc * h k ) + (( £(j)) k * g k ) = H k + G k . By lemma 
1.1 (i) <f> and h being convex analytic in U implies H = (f> * h is convex in U. 

But 



(i c k y 


< 


(<fi k * ( g k )Y 




^ * ( g k y 


( H k y 




(c t> k * h k y 




\(j) k * ( h k y 



ct>*zg' 

4>*zh' 



By lemma 1.4, <f> being convex and 
< 1 . 



< 1 implies that 



4>*zh' 



< 1. But 



4> k *z(g k Y 

4> k *z{h k y 



< 



This shows that H k +G k is locally univalent in U. Thus, H k +G k = (cf> k +(£(f>) k ) * {h k + {g)') 
is close-to-convex in U . 
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§1. Introduction 

Zadeh I 6 1 introduced the fundamental concepts of fuzzy sets in his classical paper. Fuzzy 
sets have applications in many fields such as information I 3 1 and control M. In mathematics, 
topology provided the most natural framework for the concepts of fuzzy sets to flourish. Chang 
^ introduced and developed the concept of fuzzy topological spaces. The concept of soft fuzzy 
topological space is introduced by Ismail U. Tiryaki I 5 1. N. Blasco Mardones, M. Macho stadler 
and M. A. cle Prada I 1 ! introduced the concept of fuzzy closed filter, fuzzy <5 c -ultrafilter and the 
compactification of a fuzzy topological space. 

In this paper soft fuzzy T -prefilter, soft fuzzy T -ultrafilter and soft fuzzy prime T - 
prefilter are introduced and studied. Some of their properties are discussed. Soft fuzzy F* 
space and soft fuzzy T -normal family are established and their properties are discussed. The 
soft fuzzy C structure in soft fuzzy C space is introduced. Also the process of soft fuzzy 
structure compactification using soft fuzzy T -prefilter has been established. 

§2. Preliminaries 

Definition 2.1.I 5 ! Let A be a set, /r be a fuzzy subset of X and M C X. Then, the pair 
(fj,, M) will be called a soft fuzzy subset of X. The set of all soft fuzzy subsets of X will be 
denoted by SF{X). 

Definition 2.2J 5 ! The relation C on SF(X) is given by (/z,M) C (7 ,N) <t=> ( fj,(x ) < 7(0:)) 
or = 'y(x) and x ^ M/N), Wx € X and for all (/t, M), (7 ,N) € SF(X). 
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Property 2.1.I' 5 ! If (//,-. M,) ?e j £ SF(X), then the family £ J} has a meet, 

that is greatest lower bound, in (SF(X), C), denoted by 

n such that Mj) = (/x,M), 

where 

fi(x) = f\ Hj(x), \/ x £ X; M = P| Mj. 
j&J j£J 

Property 2.2. If (jij, Mj)j e j £ SF(X), then the family {{pj- Mj)\ j £ J} has a join, 
that is least upper bound, in ( SF(X ), C), denoted by 

U j e j(fij,Mj) such that j(/Xj, Mj) = (/x,M), 

where 

H(x) = \/ Hj(x),\/x £ X; M = [ J Mj. 
j&J j&J 

Definition 2.3. 1 5 1 For (/j, M) £ SF(X) the soft fuzzy set (ji. M) = (1 — /x, X\M) is called 
the complement of (//, M). 

Definition 2.4. 1 5 1 Let x £ X and S £ I define x s : X — » / by 

Is, if z = x, 
x s (z) = < 

I 0 , otherwise. 

Then the soft fuzzy set (x s , {a;}) is called the point of SF(X ) with base x and value s. 
Definition 2.5J 5 ! The soft fuzzy point (x r , {a?}) C (/z, M) is denoted by (x r , {aa}) £ (/j., M) 
and refer to ( x r , {x}) is an element of (/z, M). 

Property 2.3. ^ Let tp : X — > Y be a point function. 

(i) The mapping ip~* from SF( X) to SF(Y ) corresponding to the image operator of the 
difunction (/, F) is given by 

(p^(lx,M) =( 7 ,N), where 7 (y) — sup {n(x)/y = <p(x)} and N = {p{x)/x £ M}. 

(ii) The mapping yj^from SF(Y ) to SF(X) corresponding to the inverse image of the 
difunction (/, F) is given by 

= ('yoip,<p- 1 [N}). 

Note, c p^(fj,,M ) = ip(ji,M) and <^^( 7 , N) = </? — 1 ( 7 , N). 

Definition 2.6. 1 5 1 A subset T C SF(X) is called an SlF-topology on A' if 

(i) (0,0) and (1,A) £ T. 

(ii) (fJ,j,Mj) £ T, j = 1, 2, 3, ■ ■ ■ , n =>• n"_ 1 (/Zj,M ? -) G T. 

(iii) (Mj) Afj), j £ J =$■ U j£j(fij , Mj) £ T. 

The elements of T are called soft fuzzy open, and those of T = {(/z, M)/(/z, M) £ T} is 
called soft fuzzy closed. 

If T is a ^P-topology on X we call the pair (A, T) a <SF-topological space (in short, 
SFTS). 
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Definition 2.7. 1 5 1 Let T be an S'F-topology on X and V an SF-topology on Y . Then a 
function ip : X — > Y is called T — V continuous if (u, N) £ V => <p J ~{v, N) £ T. 

Note. T — V continuous is denoted by soft fuzzy continuous. 

Definition 2.8. 1 5 1 A soft fuzzy topological space ( X,T ) is said to be a soft fuzzy compact 
if whenever U, 6 /(Aj, Mi) = (1,A'), (A j,Mj) £ T, i £ /, there is a finite subset J of / with 
Ujej(Aj, M,-) = (1, X). 

§3. Soft fuzzy closed filter theory 

Definition 3.1. Let (X,T) be a soft fuzzy topological space. Let T C T satisfying the 
following conditions: 

(i) T is nonempty and (0, (f>) ^ T . 

(ii) If (fn, Mi), (/x 2 ,M 2 ) G T , then (pi,Mx) n (p 2 ,M 2 ) G T. 

(iii) If (p,M) G T and (A ,7V) G T* with (p,M) C (A , TV) , then (A, iV) G T. 

T is called a soft fuzzy closed filter or a soft fuzzy T -prefilter on X. 

Definition 3.2. Let (X,T) be a soft fuzzy topological space. Let IF be a soft fuzzy T - 
prefilter and let B C T . B is called a soft fuzzy base for T if for each (p, M ) G T there is 
(u, P) £ B such that (u, P) C. (p, M). 

Definition 3.3. Let (X, T ) be a soft fuzzy topological space. Let H C T . H is a 

soft fuzzy subbase for some soft fuzzy T -prefilter if the collection {(pi, Mi) n (p, 2 , M 2 ) n ■ ■ • n 

(p n , M n ) /{ pi . Mi) £ H} is a soft fuzzy base for some soft fuzzy T -prefilter. 

Property 3.1. Let (X,T) be a soft fuzzy topological space. Let B C T . Then the 
following statements are equivalent: 

(i) There is a unique soft fuzzy T -prefilter T such that B is a soft fuzzy base for it. 

(ii) (a) B is nonempty and (0, <f>) ^ B. 

(b) If ( 2 ' 1 ,-Pi), {v 2 ,-P 2 ) S B, there is (i/ 3 ,P 3 ) £ B with (v 3 ,P 3 ) C (vi,Pi) n (z' 2 ,P 2 ). 

Proof. Proof follows from Definition 3.1, Definition 3.2 and Definition 3.3. 

Definition 3.4. Let (X,T) be a soft fuzzy topological space. Let B be a soft fuzzy base 
satisfying the conditions (a) and (b) in Property 3.1. Then the generated soft fuzzy T -prefilter 
T is defined by 

T ={(p,M) £ T/3(v,P) £ B with (; v,P ) O (p,M)j. 

Definition 3.5. Let (X,T) be a soft fuzzy topological space. Let Q C T with the 
intersection of any finite subcollection from Q is nonempty. There exists a unique soft fuzzy 
T -prefilter containing Q, whose base is the set of all the finite intersections of elements in Q. 
Such a soft fuzzy T -prefilter is called the soft fuzzy T -prefilter generated by Q. 

Property 3.2. Let (X,T) be a soft fuzzy topological space. Let IF be a soft fuzzy T - 
prefilter and (p, M) £ T . The following statements are equivalent: 

(i) T U {(/x, M)} is contained in a soft fuzzy T -prefilter. 

(ii) For each (u, P) £ T, we have (p, M) n (i/, P) ^ (0, 4>). 

Proof. Proof is simple. 
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Definition 3.6. Let (A, T) be a soft fuzzy topological space. Let T be a soft fuzzy 
T -prefilter. T is a soft fuzzy T -ultrafilter if T is a maximal element in the set of soft fuzzy 
T -prefilters ordered by the inclusion relation. 

Property 3.3. Let (A, T) be a soft fuzzy topological space. Every soft fuzzy T -prefilter 
is contained in some soft fuzzy T -ultrafilter. 

Proof. Proof is obvious from the above definition. 

Property 3.4. Let (A, T) be a soft fuzzy topological space. Let T be a soft fuzzy T - 
prefilter on A'. Then the following statements are equivalent: 

(i) IF is a soft fuzzy T -ultrafilter. 

(ii) If (/lx, M) is an element of T' such that (/x, M) n (x/, P) ^ (0,0) for each (v,P) £ T, 
then (/x, M) £ T . 

(iii) If (/r, M) £ T and (/lx, M) ^ JF, then there is (v, P) £ T such that (/x, M) n (y, P) = 

(0,0). 

Proof. (i)=>(ii) Suppose (/x, M) £ T and (/lx, M) n (v, P) ^ (0, 0), for each (u, P) £ T . By 
Property 3.2, there is a soft fuzzy T -prefilter T* generated by T U {(/lx, M)}. Then T C T* . 
Since IF is a soft fuzzy T -ultrafilter, T is the maximal element. Hence T = T * , that is 
(/X) M) £ T ■ 

(ii) =>(iii) Let (/lx, M) £ T and suppose (/lx, M) £ T . By assumption, there exists (v, P) £ T 
such that (/Li, M) n (y, P) = (0, 0). 

(iii) =>(i) Let Q be a soft fuzzy T -prefilter with T C Q and T ^ Q. Let (/lx, M) £ Q such 
that (/x, M) ^ T. By assumption, there is {v,P) £ T such that (v,P) l~1 (/x,M) = (0,0). Since 
(ix, P), (/x, M) £ Q, (v, P) n (/lx, M) £ Q implies that (0, 0) £ Q, which is a contradiction. Hence 
T = Q. Thus T is a maximal soft fuzzy T -prefilter. Hence T is a soft fuzzy T -ultrafilter. 

Property 3.5. Let (A !, T) be a soft fuzzy topological space. Let U\, U 2 be a pair of 
different soft fuzzy T -ultrafilters on A'. Then (n,(/x,, Mj)) n (n = (0,0) for all 
(Hi, Mi) £ U\ and £ U- 2 - 

Proof. Suppose (n,;(/Lx,;, Mi)) n (r\j(nj, Mj)) ^ (0,0). Then for some x, y £ X (A %yi(x) A 
f\j/ij(x)) > 0 and y £ fljMj D fljMj. 

=> /l Li(x) A Hj{x) > 0 and y £ M, fl Mj for all i and j. 

=y- (/Xj, Mi) n (y,j,Mj) ^ (0,0). 

By the above property (/Xj,Mj) £ U 2 and ( /x, , M :) ) £ li\ for all i and j. Thus U\ = U 2 . 
Which is a contradiction to our hypothesis. Hence (n ,(/Xj,Mj)) n (n j(yj,Mj)) = (0,0) for all 
(/Xj, Mi) £ U\ and (yj,Mj) £ U 2 . 

Definition 3.7. Let (A , T) be a soft fuzzy topological space. Let T be a soft fuzzy T - 
prefilter on X. T is said to be a soft fuzzy prime T -prefilter, if given (/lx, M), [y, P) £ T such 
that (/lx, M) U ( 1 /, P) £ T, then (/x, M) £ T or ( 1 /, P) £ T . 

Property 3.6. Let (A, T) be a soft fuzzy topological space. Every soft fuzzy T -ultrafilter 
U on X is a soft fuzzy prime T -preffter. 

Proof. Let (/x, M), (v,P) £ T such that (/x, M)U(i/, P) GU. Suppose (/lx, M), (i/, P) 

Then there exist (/xi, Mi), (iq, Pi) £ W with (/x, M) n (/lxi, Mi) = (0, 0) and ( 1 /, P) n (x/i, Pi) = 
(0,0). Since (/lx, M) U (u, P), (/xi,Mi), (i/i,Pi) £ W. Since W is a soft fuzzy T -ultrafilter, 
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(m, M) u {v, P ) n (Ml, Ml) n (n, Pi) e «. 

((M, M ) u (i/, p)) n (Ml, Ml) n (n, Pi) 

= ((/x, M) n (mi, Mi)) u {{ v , P ) n (mi, Mi)) n (n, Pi) 

= ((0,0) n (i^,Pi)) u ((0,0) n (mi, MO) 

= (0,0). 

Which is a contradiction to our assumption U is a soft fuzzy T -ultrafilter. Hence (m, M) 
or (i /, P) GW. Thus W is a soft fuzzy prime T -prefilter. 

Property 3.7. Let (A”, T) be a soft fuzzy topological space. Let T be a soft fuzzy T - 
prefilter. Let V{T) be the family of all soft fuzzy prime T -prefilters which contains T . Then 
T = CiQ£V(F)G- 

Proof. Let T be a soft fuzzy T -prefilter. Let V(J-) be the family of all soft fuzzy prime 
T -prefilters which contains T . Therefore 

T C n qzv(T)G- (1) 

Let (m, M) £ T such that (m,M) ^ T. Consider the family C = {G / G is a soft fuzzy 
T -prefilter, P C G and (m, M) ^ G}- £ is an inductive set, therefore there exist maximal 
elements. Let W be the maximal element in C. 

Let (Ai,ATi), (A 2 , A 2 ) G T with (Ai,Ai) U(A 2 ,A 2 ) GW such that (Ai,Ai), (A 2 ,A 2 ) £U. 
Let the family J = {(i/, P) G T /(v,P) U (A 2 , A 2 ) G W}. 

(i) Since (Ai, W) € T* and (Ai, A r 1 )Ll(A 2 , A 2 ) GW, which implies that (Ai, A x ) € J ■ Hence 
J is nonempty. 

Suppose (0,0) G J, By definition of J, (A 2 , A 2 ) G W. Which is a contradiction. Hence 

(0 ,0)£ J. 

(ii) If (i/i,Pi), (i/ 2 ,P 2 ) G J7. By definition of J, {vi,Pi) U (A 2 ,IV 2 ) G W and ( 1 / 2 , P 2 ) LI 
(A 2 , A 2 ) G W. Since W is a soft fuzzy T' -prefilter, [(i^, Pl) U (A 2 , A 2 )] n [(i/ 2 , A 2 ) U (A 2 , A 2 )] G W. 

=>• [(^ 1 , Pi) n (jz 2 , a 2 )] u (a 2 , a 2 ) g w. 

=> [(^ 1 , Pi) n (i/ 2 , a 2 )] g . 

(iii) If (v,P) G J and (A, IV) G T such that (u,P) L (A, IV). Since (u,P) L (A, IV), 
(r,P) U (A 2 ,IV 2 ) C (A, IV) U (A 2 ,IV 2 ). Since ( 1 /, P) U (A 2 ,IV 2 ) G W and W is a soft fuzzy T - 
prefilter, (A, IV) U (A 2 ,IV 2 ) G W. Which implies (A, IV) G J . Thus is a soft fuzzy T'-prefilter. 

If (v,P) G W, (^, P) U (A 2 ,IV 2 ) G W. Which implies ( 1 /, P) G J7. Thus U C J. Since 
(Ai.IVi) Gjand (Ai,IVi) gW. Thus U^J. 

Now let K. = {(A, A) G T'/(jjl,M) U (A, IV) G W}. 

(i) Suppose (0,0) G /C, then by definition of /C, (m, M) G W. Which is a contradiction to 
our assumption U £ C and (m, M) ^ W. Hence (0,0) ^ /C. Since (1, A) G W, which implies 
(1, A) G /C. Thus /C is nonempty and (0, 0) ^ /C. 

(ii) If (A*, A*), (A**, A**) G/C. By definition of AC, (A*, IV*) U (m, M) G W and (A**, A**) U 
(M, M) G W. Since W is a soft fuzzy T -prefilter, ((A*, A*) n (A**, A**) U (m,M) G W. Therefore 
(A*, A*) n (A**, A**) G /C. 

(iii) If (A, A) G /C and (A*, A*) G T such that (A*, A*) □ (A, A), then (A*, A*) G /C. 
Hence /C is a soft fuzzy T -prefilter. 
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Now, 

(i) T C K, follows from T C U and U C 1C. 

(ii) (/z, M) 1C for (/z, M) qL U. Thus 1C £ £ and U C 1C. Maximality of U implies that 
U = 1C. Suppose (/z, M) £ J ■ Then ( /z, M ) U (A 2 ,X 2 ) £ U which implies (A 2 ,X 2 ) £ 1C =U. 
Which implies (A 2 , X 2 ) £ Which is a contradiction to our assumption (A 2 , X 2 ) ^ Thus 
(/z, M) ^ j7. Since T J and (/z, M) ^ J , we have J € C and since U <Z J . U ^ J. Which 
is a contradiction to the maximality of U. Thus (ApiVi), (A 2 ,X 2 ) £ Therefore U is a, soft 
fuzzy prime T -prefilter and (/z,M) Thus 

C T. (2) 

From (1) and (2), it follows that n^g-po^C/ = T . 

Property 3.8. The following are equivalent for a soft fuzzy topological space (X, T). 

(i) (X, T) is soft fuzzy compact. 

(ii) For any family of soft fuzzy closed sets {(Aj,M;)}jgj with the property that rij e p(Aj, 
Mj) 7 ^ (0 , 0) for any finite subset F of J, we have r\ ie j(Xi,Mi) 7 ^ (0,0). 

Proof. (i) =>(ii) Assume that (X, T) is soft fuzzy compact. Let {(Aj,Mj)}jgj be the 
family of soft fuzzy closed sets with the property V~\j e p(Xj, Mj) 7 ^ (0,0) for any finite subset 
F of J. Let (faiNi) = (1,X) — (A j,Mj). The collection {(/Zj, is a family of all soft 
fuzzy open sets in (X, T). If (Ai,Mi), (A 2 ,M 2 ), (A 3 , M 3 ),--- , (A n ,M n ) are finite number of 
soft fuzzy closed sets in {(A then 

n" =1 (Aj, Mi) = (1, A') - U 

Similarly 

n ie j(X i ,M l ) = (1,A) -U 

By hypothesis fl" = 1 (A i,M, ; ) 7 ^ (0, <^>) . Therefore U" = 1 (/Zj, IV*) 7 ^ (1, A). Since (X,T) is soft 
fuzzy compact, U ieJ (m, NJ ± (1, X). Thus n ieJ (X i ,M i ) 7 ^ (0,0). 

(ii) =>(i) Assume that (X, T) is not soft fuzzy compact. Let {(/z,, A r ,)} ie j be a family of soft 
fuzzy open sets which is a cover for (X,T). Since (A, T) is not soft fuzzy compact, there is no 
finite subset F of J such that {(/Zj, Nj)}j e p is a cover for (X, T), that is U 7 ^ (1,X). 

Now, 



n.j'6.F((l)X) — (1,X) U j£p([ij,Nj) 

7 L ( 0 , 0 )- 

By hypothesis, n ieJ ((l,X) - (/. H,Ni)) 7 ^ (0,0). This implies U ieJ (/z l ,X i ) 7 ^ (1,X), which 
is a contradiction. Hence (X,T) is soft fuzzy compact. 

Property 3.9. For a soft fuzzy topological space (X, T), the following are equivalent: 

(i) (X, T) is soft fuzzy compact. 

(ii) Every soft fuzzy T -prefilter T satiafies n^^og^/z, M) 7 ^ (0,0). 

(iii) Every soft fuzzy prime T -prefilter T satiafies (/z, M) 7 ^ (0,0). 

(iv) Every soft fuzzy T -ultrafilter U satiafies ri( |U;M )g W (/z, M) 7 ^ (0,0). 
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Proof. (i)=> (ii) Suppose n (/ljM)g;F (/z, M) = (0,0). Then U (#t)Af)e ^[(l, A) - ( /z,M)] = 
(1, A). Since (1, A”) — (/z, M) £ T and (A, T) is soft fuzzy compact, there exist finite subcollec- 
tion, {(1, A) — (fi 1: M]), (1, X)-(fj, 2 ,M 2 ), ■■■ , (l,X)-(nn,M n )} such that (1, A)-( / u 1 ,M 1 )U 
(1, A ) - (/z 2 , Af 2 ) U • • • U (1, A) - (/z„, M„) = (1, A). Which implies (/z 1; Mi) n (/z 2 , M 2 ) n • • • n 
( fi ni M n ) = (0,0). Which is a contradiction to our assumption J 7 is a soft fuzzy T -prefilter. 
Hence n ^ (0,0). 

(ii) =>(iii) Suppose that every soft fuzzy prime T -prefilter T satisfies n q 1 ,M)e.7 7 0 tl , -^0 = 
(0, 0). Since every soft fuzzy prime T -prefilter is soft fuzzy T -prefilter. Which is a contradic- 
tion. Hence every soft fuzzy prime T -prefilter T satisfies ri( /ijM ) g:F (/z, M) ^ (0,0). 

(iii) =>(iv) Suppose that every soft fuzzy T -ultrafilter U satiafies ri( /ijM ) gW (/z, M) = (0,0). 
Since every soft fuzzy T -ultrafilter is soft fuzzy prime T -prefilter. Which is a contradiction. 
Hence every soft fuzzy T -ultrafilter U satisfies ri( /iiM ) g ^r(/z, M) ^ (0,0). 

(iv) =>(i) Suppose TL is a family of soft fuzzy closed sets on X with finite intersection 
property. For each (i/, P) £ TL the family G( u ,p) = {(/z, M) £ T'/(fj,,M) □ (i/, P)}. Then 
(v, P) £ G(v,p)- Let Q = U (y,p)eH.G(v,p)- Since TL has a finite intersection property, G has 
finite intersection property. Thus TL and G are soft fuzzy T -prefilters. Thus there exists a 
soft fuzzy T -ultrafilter U such that TL C G C U. Hence ri( /iiM ) gW (/z, M) C n u,M)es(l J ’i E 
n (p,M)eH(v, M )- Since n (#tiM)gW (jiz, M) ± (0,0). Thus n (MiM)gH (/z, M) ± (0,0). Hence TL is a 
family of soft fuzzy closed sets on X with finite intersection property and n ( Mi M) g w(A t , ^) 7^ 
(0,0). Which implies (A, T) is soft fuzzy compact space. 

Definition 3.8. Let (A, T) be a soft fuzzy topological space. Let (x s ,{a;}) be any soft 
fuzzy point. The nonempty collection LF(x a i x \) = {(/z, M) £ T /(x s ,{x\) £ (/z, M)} is a 
soft fuzzy prime T -prefilter on A, then is called soft fuzzy T -prefilter generated by 

(*»>{»})■ 

Definition 3.9. Let (A, T) be any soft fuzzy topological space. The collection T is said to 
be a soft fuzzy normal family if given (/zi, Mi), (/z 2 , M 2 ) £ T such that (/z 1; Mi) n (/lz 2 , M 2 ) = 
(0,0), there exist (zq,iVi), {v 2 ,N 2 ) £ T with (zq, N{) U (i> 2 , N 2 ) = (1, A), (/U 1? Mi) n (zq, N{) = 
(0,0) and (/z 2 ,M 2 ) n {v 2 ,N 2 ) = (0,0). 

Property 3.10. Let (A, T) be any soft fuzzy topological space and T be a soft fuzzy 
normal family. Every soft fuzzy prime T -prefilter T is contained in a unique soft fuzzy T - 
ultrafilter. 

Proof. Let T be a soft fuzzy prime T -prefilter. Let U\ and U 2 be soft fuzzy T -ultrafilters 
such that T C U\ and T C U 2 . Suppose U\ yf U 2 . Then there exist (/zi,Mi) £ U\ and 
(/z 2 ,M 2 ) £ U 2 with (/ZijMi) n (/z 2 ,M 2 ) = (0,0). Since T is a normal family, there exist 
(^ljAi), (u 2 , N 2 ) £ T' with (zq,Ai) U (u 2 ,N 2 ) = (1,A), (/z^M^ n (zq,Ai) = (0,0) and 
(/z 2 ,M 2 ) n (y 2 ,N 2 ) = (0,0). Since (zq,iVi) U (z/ 2 , N 2 ) = (1,A) and T is a soft fuzzy prime 
T -prefilter, (zq,Ai) £ T or (p 2 ,N 2 ) £ T. Suppose if (v\,N\) £ T, then (zq,iVi) £ U\ 
and (zq, Ni) £ U 2 . Thus (/zi,Mi) n (zq, N\) = (0,0) with (/lzi,Mi), (zq,7Vi) £ U\. Which 
is a contradiction. Similarly ( v 2 ,N 2 ) £ T, then {v 2 ,N 2 ) £ U\ and (u 2 ,N 2 ) £ U 2 . Thus 
(/z 2 ,M 2 ) n (y 2 ,N 2 ) = (0,0) with (/z 2 ,M 2 ), (v 2 ,N 2 ) £ U 2 . Which is a contradiction. Hence 
U\ = U 2 . Thus every soft fuzzy prime T -prefilter T is contained in a unique soft fuzzy T - 
ultrafilter. 
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Remark 3.1. Let (A', T) be any soft fuzzy topological space and T be a soft fuzzy normal 
family. For every x £ A, the soft fuzzy point (x s , {x}), there exists a unique soft T -ultrafilter 
U{x s ,{x}) which contains F( Xa ,{ x }). 

Proof. Let (x s ,{x}) be any soft fuzzy point. Then F( Xa s x \) is a soft fuzzy T -prefilter 
generated by (x s ,{x}). By Definition 3.8 and Property 3.10, F( Xs Ax\) is a soft fuzzy prime 
T -prefilter contained in a unique soft fuzzy T -ultrafilter. 

Remark 3.2. Let (X ,T) be any soft fuzzy topological space. If (x s , {a;}) and (y t , {y}) be 
any two soft fuzzy points with x = y then U/ Xg i x \\ = M(y t ,{y})- 

Proof. Let ( A, T ) be a soft fuzzy topological space. Let (x s ,{x}) and (yt,{y}) be two 
soft fuzzy points with x = y. Assume that W( Xsj { x }) ^ U{y t ,{y})- By Property 3.5 (n,;(/q, Mi)) n 
(n = (0, 4>) for all (p-i, Mi) £ U( Xa ,{ x y) and (y, j,Mj ) £ K( yt ,{ y }y Thus (x s ,{x}) £ 
U{x s ,{x}) and (y t ,{y}) e u {y t , {«})- Since x = y, (aa s , {m}) n (y t ,{y}) (0,<£). Which is a 

contradiction. Hence 

Definition 3.10. Let ( X,T ) be any soft fuzzy topological space. For each x £ X, the 
collection of soft fuzzy points V x = {(x s , {x}) / s £ (0, 1]}. For each ( x s , {x}) £ V x the only soft 
fuzzy T -ultrafilter which contains Fi Xs i x \) is denoted by U x . 

Definition 3.11. A soft fuzzy topological space (. A, T ) is said to be a soft fuzzy F* space, 
if for each x £ X there exists a minimum value s £ (0, 1] such that the soft fuzzy point (x s , {x}) 
belongs to T . 

Proprety 3.11. Let (A, T) be any soft fuzzy F* space and T be a soft fuzzy normal 
family. For each x £ X, the soft fuzzy T -ultrafilter U x , {Vi-, Mj) is atmost a soft 

fuzzy point (x s ,{x}). 

Proof. Let x £ X. Since (X,T) is a soft fuzzy F* space, there exists a minimum value s £ 
(0,1] such that (x s ,{x}) £ T . By Definition 3.10, (x s ,{x}) £U X . Hence ri( Mi) M i )ew* (/q ; , Mi) = 
{x s ,{x}). 



§4. C structure compact ificat ion of a soft fuzzy C space 

Let (A, T) be a non-compact soft fuzzy topological space. Let y(A') be the collection of 
all soft fuzzy T -ultrafilters on X. Suppose (X ,T) is a soft fuzzy F* space and T is a soft 
fuzzy normal family. Associated with each (/x, M) £ T , we define ( (J,,M )* = (y*,M*) where 
H* g jy(x) an( j c y(X). For each U £ 7 (A), 

! (0, <j)), \iU^U x , Vx £ A and (/z,M) (jLU, M = 0, 

(1, 7 (A)), \UA^U X , Vx£ A and £U, M = A, 

( y,(x),U x ), if 3 x £ A with U = U x , x £ M. 

Property 4.1. Under the previous conditions, the following identities hold: 

(i) (0 *,4>*)x = (0, <f>)-y(x)- 
(ii) (1*,A*) X = (1.7(A)). 

(hi) (x s ,{x})* x = {U X ,{U X }). 

Proof. Proof is obvious from the above definition of (/x*,M*). 

Notation 4.1. For each U x £ 7 (A), the soft fuzzy point is denoted by {U x , {U x }). 
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Definition 4.1. A soft fuzzy C structure (in short, SFCst) consists of all soft fuzzy sets 
of the form (n*,M*). A soft fuzzy C space (7 (X), SFCst) is a space which admits soft fuzzy 
C structure. 



by 

dcstiv*, M*) = n {(u*,P*)/(u*,P*) □ (a i*,M*) and (u*,P*) £ SFCst}. 

Property 4.2. Let e : X — > 7(A) defined by e(x) = U x \/x £ X, e(l,X) is soft fuzzy C 
dense in soft fuzzy C space (7(A), SFCst) that is cZc st (e(l, X)) = (1,7(A')). 

Proof. Let (/ i,M ) be a soft fuzzy set with /j £ I x and M C X. Now (e(/x),e(M)) is a 
soft fuzzy set in soft fuzzy C space with e(/x) £ /'d A d and e(M) C 7(A') and it is defined for 
each U £ 'y(X) as follows: 



Let C = clcst{e{ 1, A)). We know that e(l, A) C C, then for each x £ X and U x £ 7(A), 
(1,7(X)) C C. Therefore C = (1,7(A)). Hence clc s t(e( 1,A)) = (1,7(A)). Thus e(l,X) is 
soft fuzzy C dense in soft fuzzy C space. 

Definition 4.3. Let (A, T) be a soft fuzzy topological space and (y(A ), SFCst) be a soft 
fuzzy C space. Then / : (X,T) — > (7(A), SFCst) is a soft fuzzy C continuous* function, if 
the inverse image of every soft fuzzy set in (7(A), SFCst) is soft fuzzy closed in (A, T). 

Definition 4.4. Let (A, T) be a soft fuzzy topological space and (7(A), SFCst) is a soft 
fuzzy C space. Then / : (X,T) — > (y(A ), SFCst) is said to be Soft fuzzy C dosed* function, 
if the image of every soft fuzzy closed set in (X,T) is a soft fuzzy set in (7(A), SFCst). 

Definition 4.5. Let (A, T) be a soft fuzzy topological space and (7(A), SFCst) is a soft 
fuzzy C space. If / : (A, T) — » (y(A ), SFCst) is an injective soft fuzzy C continuous* and / 
is soft fuzzy C closed* . Then / is a soft fuzzy C embedding* . 

Property 4.3. The function e is a soft fuzzy C embedding* of A into 7(A). 

Proof, (i) Let x, y £ X and x / y then U x / U v . Let (27, {a;}) and (y q , {y}) be two 



Definition 4.2. A soft fuzzy C closure of a soft fuzzy set in soft fuzzy C space is defined 



(eM(W),e(M)) 



(/t(a :),U X ), if 3 x £ X 3 U = U x and x £ M, 
(0, </>), if U ^ U x , Vx £ X and M = </>. 



distinct soft fuzzy points. 

(a) If (x s , {x}) ^ (y q , {y}) for each U £ 7(A) 



(e(x s ){U),e(x)) 



(i U X ,{U X }), H3 x £ X £>U =U X , 

(0,<(>), if U ^ U x , Vx £ X and {a;} = (j). 



Similarly, 




Therefore e(a; s ,{a:}) / e(y qi {y}). 
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(b) If x = y and s ^ q. For each U x £ "f{X), 

e{x s ,{x}) = {U X ,{U X }) 

= <W,{u y }) 
* K,{u y }) 

± e(y g ,{y}). 



Hence e is soft fuzzy C one to one function, 
(ii) For each (/ x*,M *) £ SFCst and x £ X, 



e ~ 1 (M*(x), M*) = (e~ 1 (p*(x)), e~ 1 (M*)) 

= (p* o e(x),e~ 1 (M*)) 

= (p(U x ),e~\M*)) 

= (p(x),M). 



Thus e~ 1 (p*,M*) = (p,M). Thus the inverse image of every soft fuzzy set in SFCst is 
soft fuzzy closed in (A, T). Hence e is soft fuzzyC continuous* function. 

(iii) For each U £ 7 (A) and (p, M) £ T , 



e(p(U),M) = (e(p)(U),e(M)) 



(p(x ),U X ), if 3 x £ X = U X and x £ M, 
(0 ,0), iiU^U x , Vx G X and M = 0. 



Therefore e(p,M) is a soft fuzzy set in (7 (X), SFCst). Hence e is soft fuzzy C closed* 
function. 

Definition 4.6. Let (7 (X), SFCst) be a soft fuzzy C space. LetA C SFCst satisfying 
the following conditions: 

(i) F is nonempty and (0, 0) ^ F . 

(ii) If (pl,M*), (/4,M 2 *) e F, then (/U* , M* ) n € F. 

(iii) If (p*,M*) £ F and (A *,N*) £ SFCst with (/ i*,M *) C (A then (A *,N*) £ F. 
F is called a soft fuzzy S'FCst-prefilter (in short, (T^ X )) - prefilter) on 7 (X). 

Definition 4.7. A soft fuzzy C space (y(X), SFCst) is said to be a soft fuzzy C compact* 

space if whenever U ig /(A*,M*) = ( 1 , 7 (A')), (A *,M*) £ SFCst, i £ I, there is a finite subset 
J oil with Uj GJ (X*,M*) = ( 1 . 7 (A)). 

Definition 4.8. A soft fuzzy C space ( 7 (A), SFCst) is soft fuzzy C compact* space iff for 
any family of soft fuzzy sets {(A*,M*)} ig j in SFCst with the property that n ieF (A*,M*) ^ 
(0,0) for any finite subset F of J, we have r\ i& j(X*,M*) ^ (0,0). 

Property 4.4. The soft fuzzy C space ( 7 (A), SFCst) is soft fuzzy C compact*. 

Proof. Let A be a soft fuzzy SlFCsf-prefilter on 7 (A). Let (v,M) £ F. Since ( v,M ) £ 
SFCst, there is an index family such that (v,M) = rij g j (i/ (p*, N*) for (/ ij,Nj ) £ 

T' . Since (v,M) C (pi* , N * ) for each j £ Therefore for each (u, M) £ F and j £ 

(Ap A* ) £ F. Consider the family of soft fuzzy closed sets in (A ,T), C = {(p,N) £ 
T /{p*,N*) £ F}. Since (1,7(X)) £ F, (1, A) £ C. Thus C is nonempty. 

(i) (0*, 0*) ^ F implies (0, 0) ^ C. 
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(ii) If (/xi,Xi), (/x 2 , N 2 ) S C, then (/x* , JVf ) , (a4,X|) G T. 

By definition of soft fuzzy (T 7 ( X )) -prefilter, (/x*,X*) n (jF 2 , XJ) G T. Which implies 
(Mi, Xj.) n (/x 2 , X 2 ) G C. Hence C is a soft fuzzy base for the soft fuzzy T -prefilter on X. 

Let Uq be a soft fuzzy T -prefilter contains C. Then for each (/i, N) G C, 



(li*(U 0 ),N*) 



! (0, </>), if U 0 ± U x , Vx G X and 11 (£U 0 , N = </>, 

(1,7(X)), HU 0 ^U X , VxeXandneUo, N = X, 
(p(x),Uo), if 3 x G X 9 Wo = U X , x G X. 



This implies 



(p*(U 0 ),N*) 



(1, y(X)), if U 0 ± U x , Vx G X and N = X, 
/x(x), if 3 x G X 9 Uq = U x and x G X. 



(A^w n n *) = (A n n *) 

pec wee Ai*e^ N*eF 

I ( 1,7 (X)), if U 0 ^U X , Vx G X and X = X, 

| ^^cd{ x )Mo), H3 x £ X 3 U 0 = lt x , x G ("lArgcX. 

Hence n (At)JV ) eC (/x*(Wo), X*) / (0». 

Now, 

n (y,M)e^( l/ I -&0 = n (i/,M)e^( n ieJ(„ iM) (A t j,X*) 

= n^jvjgc^jX*). 

Thus ( 7 (X), SFCst) is a soft fuzzy C compact* space. 

Property 4.5. Let (X, T) be a soft fuzzy topological space, F* space. Suppose T is 
a soft fuzzy normal family. Under these conditions ( 7 (X), SFCst) is a soft fuzzy structure 
compactification of (X, T). 

Proof. Proof the Property is obtained from Property 4.1 to Property 4.4. 
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§1. Introduction 

The concept of statistical convergence play a vital role not only in pure mathematics 
but also in other branches of science involving mathematics, especially in information theory, 
computer science, biological science, dynamical systems, geographic information systems, pop- 
ulation modelling and motion planning in robotics. 

The notion of statistical convergence was introduced by Fast M and Schoenberg I 30 ! inde- 
pendently. Over the years and under different names statistical convergence has been discussed 
in the theory of Fourier analysis, ergodic theory and number theory. Later on it was further 
investigated from the sequence space point of view. For example, statistical convergence has 
been investigated and linked with summability theory by (Fridy l 6 ! , Salat I 2 ^ , Leindler M , Mur- 
saleen and Edely I 25 l, Mursaleen and Alotaibi I 21 !), topological groups (Qakalli ^l), topological 
spaces (Maio and Kocinac I 16 !), measure theory (Millar I 18 !, Connor, Swardson ^ 3 1), locally con- 
vex spaces (Maddox I 15 l). In the recent years, generalization of statistical convergence have 
appeared in the study of strong integral summability and the structure of ideals of bounded 
continuous functions I 3 1 . 

The notion of statistical convergence depends on the (natural or asymptotic) density of 
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subsets of N. A subset of N is said to have natural density S ( E ) if 

1 n 

S (E) = lim - Xe ( k ) 

n — >oo n z J 
fc = 1 

exists. 

Definition 1.1. A sequence x = ( Xk ) is said to be statistically convergent to £ if for every 

£ > 0 , 

6{{k e N : \x k -£\ > e}) =0. 

In this case, we write S'-lima; = £ or x k — > £{S) and S denotes the set of all statistically 
convergent sequences. 

Karakus I 11 ! studied the concept of statistical convergence in probabilistic normed spaces. 
The theory of probabilistic normed spaces was initiated and developed in [1], [17], [31], [32] and 
further it was extended to random/probabilistic 2-normed spaces by using the concept of 
2-norm 

Mursaleen I 19 ! introduced the A-statistical convergence for real sequences as follows: 

Let A = (A m ) be a non-decreasing sequence of positive numbers tending to oo such that 

A m +i < A m + 1; Ai = 1. 

The collection of such sequence A will be denoted by A. 

Let K C N be a set of positive integers. Then 

5\{K) = lim — — |{m - A m + 1 < j < m : j G K}\ 
m A m 

is said to be A-density of K. In case A m = m, then A-density reduces to natural density, so S\ 
is same as S. Also, since (^) < 1, 5(K) < S\(K), for every K C N. 

Definition 1.2. 1 19 ] A sequence x = ( x k ) is said to be A-satistically convergent or S\- 
convergent to £ if for every e > 0, the set {k £ I m : \x k — £\ > e} has A-density zero. In this 
case we write ,S\-lim x = £ or x k — > £(S\) and 

S\ = {x = ( x k ) : 3 £ £ R, SA-linix = £}. 

The existing literature on statistical convergence and its generalizations appears to have 
been restricted to real or complex sequences, but in recent years these ideas have been also 
extended to the sequences in fuzzy normed spaces ^ 33 1 and intutionistic fuzzy normed spaces 
[12] , [1.3] , [26] , [27] , [28] . F ur ther details on generalization of statistical convergence can be found in 

[22], [23], [24] 



§2. Preliminaries 

Definition 2.1. A function / : R — > R 0 is called a distribution function if it is a non- 
decreasing and left continuous with inf tgR /(f) = 0 and sup tgR f{t) = 1. By D + , we denote 
the set of all distribution functions such that /( 0) = 0. If a € Rj, then H a £ D + , where 

H a (t) = 



1, if t > a, 

0, if t < a. 
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It is obvious that Hq > f for all / £ D + . 

A t-norm is a continuous mapping * : [0, 1] x [0, 1] — > [0, 1] such that ([0, 1], *) is abelian 
monoid with unit one and c * d > a * b if c > a and d > b for all a, b, c £ [0, 1]. A triangle 
function r is a binary operation on D + , which is commutative, associative and = f 

for every / £ D + . 

In [7], Gahler introduced the following concept of 2-normed space. 

Definition 2 . 2 . Let A be a real vector space of dimension d > 1 (d may be infinite). A 
real- valued function ||., ,|| from A 2 into R satisfying the following conditions: 

(i) | |ari , a:2 1 1 = 0 if and only if X\, x 2 are linearly dependent, 

(ii) 1 1 cfi , CC 2 1 1 is invariant under permutation, 

(iii) ||axi,X 2 || = |ck| | |a?i, 0 : 2 1 1 , for any a £ R, 

(iv) \\x + x,x 2 \\ < ||x,x 2 || + ||x,x 2 || 

is called an 2-norm on X and the pair (A, ||., ,||) is called an 2-normed space. 

A trivial example of an 2-normed space is A = R 2 , equipped with the Euclidean 2-norm 
I l^ci 5 1 1 £7 = the volume of the parallellogram spanned by the vectors X\, x 2 which may be 
given expicitly by the formula 

\\xi,x 2 \\e = \det(xij)\ = abs (det(< x t ,Xj >)) , 
where x* = (xn ,£«) £ R 2 for each i = 1, 2. 

Recently, Golet; used the idea of 2-normed space to define the random 2-normed space. 

Definition 2 . 3 . Let A be a linear space of dimension d > 1 (d may be infinite), r a triangle 
and T : A x A — > D + . Then T is called a probabilistic 2-norm and (A, A, r) a probabilistic 
2-normed space if the following conditions are satisfied: 

(P2Ni) F(x,y\t) = H 0 {t ) if x and y are linearly dependent, where F(x,y;t) denotes the 
value of J-(x, y) at t £ R, 

(P2N 2 ) P(x,y;t) / H 0 {t) if x and y are linearly independent, 

(P2N 3 ) T(x, y; t) = P{y, x; t), for all x, y £ A, 

(P2N4) P(ax, y, t ) = P(x, y, A-), for every t > 0, « / 0 and x, y £ A, 

(P2N 5 ) T(x + y, z\ t) > t (P(x, z; t),T(y, z\ t )) , whenever x, y, z £ A. 

If ( P2N 5 ) is replaced by (P2N e ) T(x + y,z;t± + t 2 ) > P(x,z;ti) * P(y,z-,t 2 ), for all 
x, y, z £ X and fi, t 2 £ Rq ; then (A', A,*) is called a random 2-normed space (for short, 
R2NS). 

Remark 2 . 1 . Every 2-normed space (A', 1 1 ., . 1 1) can be made a random 2-normed space in 
a natural way, by setting 

(i) P{x, y\ t) = Ho(t— ||x, j/ll), for every x, y £ A', t > 0 and a*b = minja, 6}, a, b £ [0, 1], 

(ii) P(x,y; t) = t+ \\ Xjy \\ , for every x, y £ A, t > 0 and a*b= ab, a, b £ [0, 1]. 

Definition 2 . 4 . A sequence x = (x*,) in a random 2-normed space (A, A,*) is said to be 

convergent (or A-convergent) to t £ A with respect to T if for each e > 0, 9 £ (0, 1) there 
exists an positive integer n 0 such that T{xk — f, z;e) > 1 — 0, whenever k > no and for non 
zero z £ X. In this case we write A-lim^. x^, = £ and £ is called the A-limit of x = (x^). 

Definition 2 . 5 . A sequence x = (xj,) in a random 2-normed space (A, A,*) is said to be 
Cauchy with respect to T if for each e > 0, 6 £ (0, 1) there exists a positive integer no = no(e) 
such that P(xk — x m , z\ e) < 1 — 9, whenever k, m> no and for non zero z £ X. 



Vol. 8 



On generalized statistical convergence in random 2-normed spaces 



61 



In [9], Giirdal and Pehlivan studied statistical convergence in 2-normed spaces and in 2- 
Banach spaces in [10]. In fact, Mursaleen I 20 ! studied the concept of statistical convergence of 
sequences in random 2-normed spaces. 

Definition 2.6. 1 20 ! A sequence x = ( Xk ) in a random 2-normed space (A, A, *) is said to 
be statistically-convergent or «S , ' R2Ar -convergent to some £ G X with respect to T if for each 
e > 0, 9 G (0, 1) and for non zero z G X such that 

S ({k G N : T[x k -l,z\e)< 1 - 0}) = 0. 



In other words we can write the sequence (x k ) statistical converges to £ in random 2-normed 
space (X, T, *) if 

lim — |{fc < m : T[x k — t,z\e) < 1 — 9\\ =0, 

m— too m 

or equivalently 

6 ({fc G N : T{x k — £, z\ e) > 1 — 0}) = 1, 



i.e., 

S- lim £F{x k — £, e) = 1. 

k — >oo 

In this case we write S R2N — lim x = £ and £ is called the ;S ,R2iV -limit of x. Let S R2N (X ) denotes 
the set of all statistically convergent sequences in random 2-normed space (A, £F : *). 

In this paper we define and study A-statistical convergence in random 2-normed spaces 
which is quite a new and interesting idea to work with. We show that some properties of A- 
statistical convergence of real numbers also hold for sequences in random 2-normed spaces. We 
find some relations related to A-statistical convergent sequences in random 2-normed spaces. 
Also we find out the relation between A-statistical convergent and A-statistical Cauchy sequences 
in this spaces. 



§3. A-statistical convergence in random 2-normed spaces 



In this section we define A-statistically convergent sequence in random 2-normed (A, T 1 *). 
Also we obtained some basic properties of this notion in random 2-normed spaces. 

Definition 3.1. A sequence x = (x/-) in a random 2-normed space (A, A,*) is said to 
be A-satistically convergent or ^-convergent to £ G A with respect to T if for every e > 0, 
9 G (0, 1) and for non zero z G A such that 

Sx({k G I m : T{x k -£,z;e)< 1 - 9}) = 0. 



In other ways we write 



lim - — |{fc G I m : T{x k — l, z;e) < 1 — 0}| = 0, 

m — >oo A m 



or equivalently 



5\ ({k G I m : T{x k - £, z; e) > 1 - (9}) = 1, 



i.e., 



S\- lim T(x k - £, z; e) = 1. 
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In this case we write S^ 2Ar -lim a; = £ or x k — * £(S^ 2N ) and S^ 2N (X) = {x = (, Xk ) : 3 £ £ 
R, S^ 2N -lima; = £}. Let S^ 2N (X) denotes the set of all A-statistically convergent sequences in 
random 2-normed space (X, X, *) . 

Definition 3.2. A sequence x = ( Xk ) in a random 2-normed space (X, T, *) is said to be 
A-statistical Cauchy with respect to T if for every e > 0, 8 £ (0, 1) and for non zero z £ X 
there exists a positive integer n = n(e ) such that for all k, s > n, 



€ Im ■ F(xk - x s ,z\ s) < 1 — 8}) = 0, 

or equivalently 

6\({k £ I m ■ £F{x k - x s ,z; e) > 1 — 8}) = 1 . 

Definition 3.1, immediately implies the following Lemma. 

Lemma 3.1. Let (X, X, *) be a random 2-normed space and A = (A n ) £ A. If x = (xk) 
is a sequence in X, then for every £ > 0, 0 £ (0, 1) and for non zero z £ X, then the following 
statements are equivalent: 

(i) Sf 2 Ar -lim fc ^ 00 x k = £, 

(ii) 5\({k £ I m : T(x k -£,z;e) < 1 - 6 >}) = 0 , 

(hi) S\ ({ k £ I m : T{x k -£,z\e) > 1 - 8}) = 1 , 

(iv) ^A-limfe^oo T[x k -£,z;e) = 1 . 

Theorem 3.1. Let (X, £F, *) be a random 2-normed space and A = (A n ) £ A. If x = ( x k ) 
is a sequence in X such that S^ 2N -limx k = £ exists, then it is unique. 

Proof. Suppose that there exist elements £\, £ 2 (£1 7 ^ 1 2 ) in X^ such that 

S\ 2N ~ lim x k = £\\ S« 2N - lhn x k = £ 2 - 

k — >00 k — >00 

Let e > 0 be given. Choose r > 0 such that 

(1 — r) * (1 — r) > 1 — £. ( 1 ) 

Then, for any t > 0 and for non zero z £ X we define 



I<i(r,t) = jfc £ I m : T - £\ ,z; 0 < 1 - r| , 

K 2 {r,t ) = jfc £ I m : T (x k - £ 2 ,z; 0 < 1 - r j . 

Since S^ 2N -lim k ^ 00 x k = £\ and S| £ 2 iV -limfc _ >00 x k = £ 2 , we have S\(Ki(r,t)) = 0 and 
5\(K 2 (r,t)) = 0 for all t > 0. 

Now let K(r,t ) = Ki(r,t) U Jv 2 (r, t), then it is easy to observe that 5\(K(r,t)) = 0. But 
we have S\(K c (r,t)) = 1. 

Now if k £ K c (r,t), then we have 



F(£i -£ 2 ,z',t)>? 








(xk - £v,z\ 



> (1 — r) * (1 



r). 



It follows by (1) that 



F(£ 1 -£ 2 ,z-,t)>(l-e). 
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Since e > 0 was arbitrary, we get T{JL\ — £ 2 . z:t) = l for all t > 0 and non zero z £ X. Hence 

h = (-2- 



Next theorem gives the algebraic characterization of A-statistical convergence on random 
2-normed spaces. 

Theorem 3.2. Let (X, T, *) be a random 2-normed space, A = (A„) £ A and x = (x k ) 
and y = (jjk) be two sequences in A'. 



Proof of the theorem is straightforward, thus omitted. 

Theorem 3.3. Let *) be a random 2-normed space and A = (A n ) £ A. If x = (xk) 

be a sequence in X such that JF-Iim Xk = i then S'^ 2Ar -lim x k = £■ 

Proof. Let .F-lim x k = L Then for every e > 0, t > 0 and non zero z £ X, there is a 
positive integer no such that 



has at most finitely many terms. Also, since every finite subset of N has (5,\-density zero and 
consequently we have S\(K(e,t )) = 0. This shows that S^ 2N -\im Xk = £■ 

Remark 3.1. The converse of the above theorem is not true in general. It follows from 
the following example. 

Example 3.1. Let X = R 2 , with the 2-norm ||x,;z|| = \xi z 2 — x 2 Zi\, x = (xi,x 2 ), z = 
(zi, z 2 ) and a*b = ab for all a, 6 £ [0, 1]. Let T(x, y ; t) = .. , for all x, z £ X, z 2 ^ 0 and 

t > 0. Now we define a sequence x = ( Xk ) by 



(i) If S^^-limajfc = £ and c(y^ 0) £ R, then S^ 2N -\imcxk = cl. 

(ii) If S^ 2N -\im Xk = £\ and S^ 2N -lim = l 2 , then S’| J2 ' ,v -lim(a;fe + y k) = l\ + £ 2 . 



T[x k -£,z-,t)> 1-e, 



for all k > Uq. Since the set 



K(s,t) = {k £ I m : T{x k - £,z\t) < 1 - e} 




(fc, 0), if to — [\/A m ] + 1 < k < to, 
(0,0), otherwise. 



Nor for every 0 < £ < 1 and t > 0, write 



K(s,t) = {k £ I m : J-(x k — £, z;t) < 1 — e} 1= (0, 0), 




= {fc £ Im : TO - [-s/Xn] + 1 < k < to}, 



so we get 




Taking limit to approaches to oo, we get 




64 



Bipan Hazarika 



No. 1 



This shows that Xk — > 0(,!?^ 2Ar (A)). 

On the other hand the sequence is not ^-convergent to zero as 



T(x k - £,z;t) = 



t+ \x k \ 



t + k,Z2 ’ 

1 , 



if to — [\/ A m ] + 1 < k < m, 
otherwise. 



< 1 . 



Theorem 3.4. Let (X,T, *) be a random 2-normed space and A = (A n ) £ A. If x = ( Xk ) 
be a sequence in X, then S^ 2N -lim Xk = £ ii and only if there exists a subset A’CN such that 
S\(K) = 1 and T-YmiXk = £■ 

Proof. Suppose first that S^ 2N -limXk = £■ Then for any t > 0, r = 1, 2, 3, • ■ ■ and non 
zero ^ £ A', let 

A(r,t ) = jfc € I m 

and 

K{r,t) = | k£ I m 
Since S'^ 2Ar -lim Xk = £ it follows that 

5\(K(r,t)) = 0. 

Now for t > 0 and r = 1, 2, 3, ■ • • , we observe that 

A(r,t) D A(r + l,t) 



: F{x k - £,z\t)> 1-^| 

: T{x k -£,z\t) < 1 - ^ j . 



and 

= (2) 
Now we have to show that, for k £ AL(r,f), JF-Iim x k = £■ Suppose that for k S A(r, f), (x^ 
not convergent to £ with respect to T . Then there exists some s > 0 such that 

{k £ I m : £F(x k - £, z;t) < 1 - s} 

for infinitely many terms Xk ■ Let 

A(s, t) = {k £ I m : T{x k - £, z\ t) > 1 - s} 

and 



s>~, r = 1,2,3,--- . 
r 

Then we have 



S\(A(s,t)) = 0. 

Furthermore, A(r,t) C A(s,t) implies that 5\(A(r,t)) = 0, which contradicts (2) as 
S^(A(r,t)) = 1. Hence X-limx'k = £■ 
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Conversely, suppose that there exists a subset I\ C N such that S\(K) = 1 and T- 
lim x k = £■ 

Then for every e > 0, t > 0 and non zero z £ X, we can find out a positive integer n such 

that 

T[x k ~ £■, z\ t) > 1 — e 

for all k > n. If we take 

K(e, t) = {k £ I m : X(x k - £, z; t) < 1 - e} , 

then it is easy to see that 

K(s,t) C N - {n k +i,n k + 2 ,- ■ ■ } 

and consequently 

5 x (K(e,t))< 1-1. 

Hence S ^ 2N - lim x k = £. 

Finally, we establish the Cauchy convergence criteria in random 2-normed spaces. 
Theorem 3.5. Let (X, T 1 *) be a random 2-normed space and A = (A„) £ A. Then a 
sequence (x k ) in X is A-statistically convergent if and only if it is A-statistically Cauchy. 

Proof. Let ( x k ) be a A-statistically convergent sequence in X. We assume that S^ 2N - 
limx/j = £. Let e > 0 be given. Choose 7' > 0 such that (1) is satisfied. For t > 0 and for non 
zero z £ X define 

A(r,t) = jfc e I m : T(x k - £,z;^)<l-r^ and A c (r,t) = j k£ I m : F{x k -£,z; > 1 - r 

Since S^ 2N — linix*, = t it follows that 5\(A(r, t)) = 0 and consequently 5\(A c (r,t)) = 1. 
Let p £ A c (r, t). Then 

T(x k - £,z\ t -) <l-r. (3) 

If we take 

B(e, t) = {k £l m \ T(x k - x p , z; t) < 1 - e}, 

then to prove the result it is sufficient to prove that B(e,t ) C A(r,t). Let n £ then for 

non zero z £ X, 

£F{x n - x p ,z;t) < 1 - £. (4) 

If T{x n — x p , z\ t) < 1 — e, then we have T(x n — £, z; |) < 1 — r and therefore n £ A(r, t). 
As otherwise i.e., if T[x n — t, z\ |) > 1 — r then by (1), (3) and (4) we get 

1 - e > T{x n - x p , z; t) > T(x n - £, z~, * T{x v - £, z; 

> (1 — r) * (1 — r) > (1 — e), 

which is not possible. Thus B(e,t) C A(r,t). Since S\(A(r,t)) = 0, it follows that 5\(B(e,t)) = 
0. This shows that (x k ) is A-statistically Cauchy. 

Conversely, suppose (, x k ) is A-statistically Cauchy but not A-statistically convergent. Then 
there exists positive integer p and for non zero z £ X such that if we take 

A(e, t) = {k £ I m : T(x n - x p , z; t) < 1 - e}, 
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then 



and consequently 



S x (A(e,t)) = 0 



S x (A c (e,t)) = 1 . 



Since 

if T[x k - £,z\ |) > 



1 — £ 

2 ’ 



J~{x n •Xpi~ , A) ^ 2J~(Xk fj ) 1 

then we have 



<5 A ({fe <E . J~i^X n Xp, Z.t) ^ 1 ) — 0. 



( 5 ) 



i.e. , ^A(^4 c (e,t)) = 0, which contradicts (5) as 5\(A c (e, t)) = 1. Hence (xk) is A-statistically 
convergent. 

Combining Theorem 3.4 and Theorem 3.5 we get the following corollary. 

Corollary 3.1. Let ( X , T . *) be a random 2-normed space and and x = (xk) be a sequence 
in X . Then the following statements are equivalent: 

(i) x is A-statistically convergent, 

(ii) x is A-statistically Cauchy, 

(iii) There exists a subset K C N such that 5\(K) = 1 and J r -lima;/ c = £. 
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Abstract In this paper, our main tool is the use of mapping /3 : SO(X) — > P(X) from the 
semi-open set into power set P(X) of the underlying set X, having the property of mono- 
tonicity and A C /3(A) for each semi-open sets A, where /3(A) denotes the value of A under (3. 
Moreover, the operation (3 generalize the notions and characterizations defined and discussed 
using the operation a defined and discussed by Kasahara ® . 
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§1. Introduction 

Topology is the branch of mathematics, whose concepts exist not only in all branches 
of mathematics, but also has the independent theoretic framework, background and broad 
applications in many real life problems. A lot of researchers working on the different structures 
of topological spaces. In I 5 1, S. Kasahara proved that a T\ space Y is compact if and only if for 
every topological space X, each mapping of X in Y with a closed graph is continuous. Then 
by a similar methods, Herrington and Long ^ proved that a Hausdroff space Y is H - closed 
if and only if for every topological space X, each mapping of X into Y with a strong closed 
graph is weakly continuous. It was shown by Joesph M that, in the results of Herrington 
[ 2 1 , “mapping” can be replaced with “bijection” . Moreover, using the characterizations of 
compactness mentioned above, Herrington and Long ^ obtained that a weakly Hausdroff space 

Y is nearly compact if and only if for every topological space X, each mapping of X into Y 
with a closed graph is almost continuous. Further Thompson proved that a Hausdorff space 

Y is nearly compact if and only if for every topological space X, each mapping of X into Y 
with an r-closed graph is almost continuous. N. Levine l 7 ! initiated the study of semi-open sets. 
A subset A of a space X is said to be a semi-open set I 7 ! , if there exists an open set O such that 
O C A C cl(0). The set of all semi-open sets is denoted by S'O(A). A is semi-closed iff A — A is 
semi-open in X. The intersection of all semi-closed sets containing A is called semi-closure I 1 ! of 
A and is denoted by scl(A). The concept of operation a on a topological spaces was introduced 
by S. Kasahara He showed that several known characterizations of compact spaces, nearly 
compact spaces and iL-closed spaces are unified by generalizing the notion of compactness with 
the help of a certain operation of topology r into power set of U T . Many reserachers worked on 
this operation a intoduced by Kasahara and a lot of material is available in the literature. 
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The purpose of this paper is the use of mapping (3 : SO(X) — » P(X) from the semi-open 
set into power set P(X) of the underlying set X as our main tool, having the property of 
monotonicity and A C (3(A) for each semi-open sets A, where (3(A) denotes the value of A 
under (3. Moreover, the operation (3 generalize the notions and characterizations defined and 
discussed using the operation a defined and discussed by Kasahara I 6 1 . 



§2. /3-convergence and ^-accumulation 

We start with a mapping (3 : SO(X) — > P(X) from the semi-open set into power set P(X) 
of the underlying set X , having the property of monotonicity (i.e. , A C B implies (3(A) C (3(B)) 
and A C (3(A) for each semi-open sets A, where (3(A) denotes the value of A under (3. The 
mapping (3 defined by (3(A) = A for each A £ SO(X) is an operation on SO(X) called the 
identity operation. The semi-closure operation of course defines an operation on SO(X) and 
the composition sint o scl of the semi-closure operation with semi-interior operation sint is 
also an operation on SO(X). 

Definition 2.1. Let (A, r) be a topological space and (3 be an operation on SO(X). A 
filter base T in X , /3-converges to a € A, if for every semi open nbd V of a, there exists an 
F £ T such that F C . 

Definition 2.2. Let (X,t) be a topological space and (3 be an operation on SO(X). A 
filter base T in A, /3-accumulates to a £ A, if F D V @ ^ <f>, for every F £ T and for every 
semi-open nbd V of a, where V 13 denotes the value of V under (3. 

For the identity operation (3 , the convergence and accumulation contains in /^-convergence 
and /3-accumulate. Furthermore, a-convergence and a-accumulate in the sense of Kasahara 
also contains in /3-convergence and /3-accumulates. 

Theorem 2.3. Let (A, r) be a topological space and (3 be an operation on SO( A). Then 
the following hold: 

(i) If a filterbase T in A, /3-converges to a £ A, then T /3-accumulates to a. 

(ii) If a filterbase T in A is contained in a filterbase which /3-accumulates to a £ x, then T 
/3-accumulates to a. 

(iii) If a maximal filterbase in A, /3-accumulates to a £ A then it /3-converges to a. 

Proof. The proof is obvious. 

Note that regularity of operation a in the sense of S. Kasahara t 6 l follows from the 
monotonicity of operation (3. 

Theorem 2.4. Let (A, r) be a topological space and (3 be an operation of SO( A). If a 
filter base T in A, /3-accumulates to a £ A, then there exists a filterbase A in A' such that 
T C A and A, /3-converges to a. 

Proof. It follows form the monotonicity of operation (3 that the set A = {F (~l V 13 : F £ T 
and a £ V £ S l O(A)}isa filterbase in A. Clearly the filterbase A generated by A', /3-converges 
to a and T C A. 
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§3. /3-continuous mappings 

Let (A, r), ( Y,t ) be two topological spaces and (3 be an operation on 50(F). A mapping 
/ of X into Y is said to be /3-continuous at a £ X, if for every semi-open nbd V of /(a), there 
is a semi-open nbd U of a such that f(U) C V 13 . Clearly / is /3-continuous at a £ A if and 
only if for every filterbase T in X converging to a, the filterbase /(T) /3-converges to /(a). A 
mapping / : X — > Y is /3-continuous, if / is /3-continuous at each point of X. 

Theorem 3.1. Let (A, t), ( Y,t ) be two topological spaces and /3 be an operation on 
SO(Y). If a mapping / of X into Y is /3-continuous, then V £ SO(Y) and V 13 = V imply 
f-'iV) £ 50(A). The converse is true if V 0 ' 3 = V 0 £ 50(F) for all V £ 50(F). 

Proof. Suppose V £ 50(F) and V 0 = V. Then for each x £ / _1 (G), we can find 
semi-open nbd U of x such that f(U) C V 0 = V, which implies U C f~ 1 (V). Therefore 
f-'iV) £ 50(A). Suppose now that V 00 = V 0 £ 50(F) for all V £ 50(F) and let a £ X. 
Then for each semi-open nbd U of /(a), the set / -1 ( U 0 ) £ 50(A), since U 00 = U 0 £ 50(F). 
From /(a) £ U C U 0 . It follows therefore that f~ 3 (U 0 ) is semi-open nbd of a. Hence the 
proof. 

Definition 3.2. Let (A, r), (F, r ) be two topological spaces and (3 be an operation on 
50(F). The graph G(/) of / : A — > F is /3-closed if for each (x, y) £ (A x Y)\G(f) there exist 
semi-open sets U and V containing x and y respectively such that (U x V 0 ) D G(f) = </>. 

Now we characterize /?-closed graph which also gives generalization of the Theorem 4 of 

[ 6 ], 

Theorem 3.3. Let (A, r), (F, r ) be two topological spaces, (3 be an operation on SO(Y) 
and / : A — > F be a mapping from (A, r) into (F, r ). The the following are equivalent: 

(i) / has a /3-closed graph. 

(ii) Let a £ A and there exists a filterbase T in A converges to a such that f(T) f3- 
accumulates to b £ F, then /(a) = b. 

(iii) Let a £ A and there exists a filterbase T in A' converges to a such that f(T) /3-converges 
to b £ F, then /(a) = b. 

Proof. (i)=>(ii) Contrarily suppose that /(a) ^ b. Then since G(f) is /3-closed, there 
exists semi-open sets U and V such that a £ U, b £ V and (U x V 0 ) D G(f) = 0. Hence we 
can find an F £ T such that F C U and f(F) D V 0 ^ <f>. However this implies /( x) £ V 0 for 
some x £ F, which yields (x,f(x)) £ U x V 0 . A contradiction. 

(ii) =^(iii) This follows directly form Theorem 2.3. 

(iii) =>(i) Contrarily suppose that (i) is not true. Then there exists a (a, b) £ (A x Y)\G(f) 
such that (U x V 0 ) CiG(f) ^ </> for every semi open nbd U of a and for every semi open nbd V of 
b. Since /3 is monotone follows that T = {U fl f~ 1 {V 0 ) '■ a £ U £ 50( A) and b £ V £ 50(F)} 
is a filterbase in A. Clearly T converges to a and f(T) /3-converges to b. Which implies that 
(iii) does not hold. This completes the proof. 

Definition 3.4. Let (A, r), (F, r ) be two topological spaces, (3 be an operation on 50(F), 
then / : A — > F is said to be /3-subcontinuous, if for every convergent filterbase T in A, the 
filterbase f(T) /3-accumulates to some point of F. 

Note that, by Theorem 2.3(i), a /3-continuous mapping is /3-subcontinuous. For converse 
implication, we have the following theorem: 
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Theorem 3.5. Let (X, r), (Y, t ) be two topological spaces, /3 be an operation on S'O(y). 
If / is /3-subcontinuous mapping of X into Y with a /3-closed graph, then / is /3-continuous. 

Proof. Contrarily suppose that / is not /3-continuous. Then there exists a a £ X and a 
filterbase T in X converges to a such that f(T) does not /3-converges to /(a). Hence there exists 
a semi-open nbd V of /(a) such that f(F ) D ^ <f>, where denotes the complement of 
V 13 in Y. Clearly, T is contained in the filter A generated by A', and so A converges to a. But 
/(A) does not /3-accumulate to f(a). On the other hand, since / is /3-contnuous, the filterbase 
/(A) /3-converges to some b £ Y . By Theorem 3.3, we have /(a) = 6, which is absurd. This 
completes the proof. 



§4. /3-compact 

Definition 4.1. Let (A', r) be topological space and /3 be an operation on SO(X). A 
subset A of X is said to be /3-compact, if for every open cover C of I\ there exists a finite 
subfamily {Gi, G 2 , • • • , G n } of G such that A C UiLi Gf . 

Definition 4.2. Let (X,t) be topological space and (3 be an operation on SO(X). Then 
space X is said to be /3-regular, if for each x £ X and for each semi open nbd V of x, there 
exists a semi open nbd U of x such that U 33 C V . 

Clearly compact space (X, r) is /3-compact. For the converse, we prove the following. 

Theorem 4.3. Let (A', r) be topological space and /3 be an operation on SO(X). If (A, r) 
is /3-regular space then (A, r) is compact. 

Proof. Let G be a semi open cover of A. Then /3-regularity of A implies that the set 
D of all V £ 50(A) such that V @ C U for some U £ D is a semi open cover of A'. Hence 
A = ur=i Vi f° r some Vi, V 2 , ■ ■ ■ , V n £ D. For each i £ { 1, 2, • • • , n}, there exists a Ui £ D 
such that Vf C U, t . Therefore, we have A = (J” =1 Gj. This is completes the proof. 

Theorem 4.4. Let (A, r) be topological space and /3 be an operation on SO( A). Then 
the following are equivalent: 

(i) (A, r) is /3-compact. 

(ii) Each filterbase in A /3-accumulates to some point of A. 

(iii) Each maximal filterbase in A /3-converges to some point of A. 

Proof. (i)=>(ii) Contrarily suppose that there exists a filterbase T in A which does not 
/3-accumulate to any point of A. Then for each x £ X, there exist a F x £ T and semi open 
nbd V x of x such that F x fl Yj 3 = </>. Since the family {V x ■. x £ X} \s & semi open cover of 
A. Since A is /3-compact then we have A = (JiLi Vj?. for some x\, X 2 , ••• , x n £ A; but 
then nr=i ^ and consequently we have F Xm fl VJ? / </>, for some m £ {1,2, •• • , n}, a 

contradiction. 

(ii) =>(iii) Since each filterbase is contained in a maximal filterbase in A. This follows 
directly form (iii) of Theorem 2.3. 

(iii) =>(ii) This is obvious. 

(ii)=>(i) Contrarily suppose that (ii) holds and that there exists a semi open cover G of A 
such that A ^ (JiLi f° r an y finite {Gi, G 2 , ■ • ■ , G n } C G. Let T denote the set of all sets 
of the form (~)/ =1 Gf where n £ Z + and Gi C G and Gf denotes the complement of Gf in 
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X. then since T is filterbase in X , it /3-accumulates to some a £ x. But then a £ G for some 
G £ C and so G ^ £ T yields a contradiction G ^ D G / 0. This completes the proof. 

Theorem 4.5. Let (X, r), (Y, t ) be two topological spaces and /3 be an operation on 
SO(Y) and / : X — > Y be a mapping from (X, r) into (Y,r ). If (X,r) is compact and / is 
/3-continuous, then f(X) is /3-compact. 

Proof. Let C be a semi open cover of f(X). Denote by D the set of all U £ SO(X) such 
that f(U) C for some V £ C. Then by /3-continuity of / D is semi open cover of X. Hence 
X = U”=i f° r some Ui, U 2 , ■ • ■ , U n £ D. For each i £ {1, 2, • • • , n}, we can find a Vi £ C 
such that f(Ui) C Vf. Therefore we have f{X) C IJ" = i Vf. Hence the proof. 

Theorem 4.6. If (Y, r ) is a /3-compact space for some operation /3 on SO(Y), then every 
mapping / of any topological space (X, r) into Y is /3-subcontinuous. 

Proof. Let T be a convergent filterbase in X. Then by Theorem 4.4, the filterbase f(T) 
/3-accumulates to some point in Y. Thus / is /3-subcontinuous. 

Theorem 4.7. Let / be a mapping of a topological space (X,t) into another topological 
space (Y, t ) and /3 be an operation on SO(Y). If (Y,t ) is /3-compact and / has a /3-closed 
graph, then / is /3-continuous. 

Proof. By Theorem 4.6, / is /3-subcontinuous and hence it is /3-continuous by Theorem 
3.5. Hence the proof. 

References 

[1] S. G. Crossely and S. K. Hilderbrand, Semi Closure, Texas J. Sci. , 22(1971), 99-112. 

[2] L. L. Herrington and P. E. Long, Characterizations of iL-closed Spaces, Proc. Amer. 
Math. Soc., 48(1975), 469-475. 

[3] L. L. Herrington and P. E. Long, A Characterizations of TL-closed Urysohn Spaces, 
Rend. Circ. Mat. Palermo, 25(1976), 158-160. 

[4] J. E. Joseph, On iL-closed and Minimal Hausdorff Spaces, Proc. Amer. Math. Soc., 
60(1976), 321-326. 

[5] S. Kasahara, Chracterizations of Compactness and Countable Compactness, Proc. 
Japan Acad., 49(1973), 523-524. 

[6] S. Kasahara, GOperation-Compact Spaces, Math. Japon., 24(1979), 97-105. 

[7] N. Levine, Semi-open sets and semi continuity in topological spaces, Amer. Math., 
70(1963), 36-41. 

[8] T. Thompson, Characterizations of nearly compact spaces, Kyungpook Math J., 17(1977), 
37-41. 



Scientia Magna 

Vol. 8 (2012), No. 1, 73-78 

A common fixed point theorem in Menger space 

S. Cliauliaii^ , B. D. Pant^ and N. DliimarP 

f R. H. Government Postgraduate College, Kashipur, 244713, 

U. S. Nagar, Uttarakhand, India 
| Government Degree College, Champawat, 262523, 

Uttarakhand, India 

jt Department of Mathematics, Graphic Era University, 

Dehradun, Uttarakhand, India 
E-mails: sun.gkv@gmail.com badridatt.pant@gmail.com 

Abstract Al-Thagafi and Shahzad ^ introduced the notion of occasionally weakly compatible 
mappings which is more general than the notion of weakly compatible mappings. The aim of 
the present paper is to prove a common fixed point theorem for occasionally weakly compatible 
mappings in Menger space satisfying a new contractive type condition. Our result never 
requires the completeness of the whole space (or any subspace), continuity of the involved 
mappings and containment of ranges amongst involved mappings. An example is also derived 
which demonstrates the validity of our main result. 

Keywords Triangle norm, menger space, weakly compatible mappings, occasionally weakly 
compatible mappings, fixed point. 

§1. Introduction 

Karl Menger I 16 l introduced the notion of probabilistic metric space (shortly, PM- space), 
which is a generalization of the metric space. The study of this space was expanded rapidly 
with the pioneering works of Schweizer and Sklar I 21 ’ 22 !. 

In 1986, Jungck I 11 ! introduced the notion of compatible mappings in metric spaces. Mishra 
t 17 l extended the notion of compatibility to probabilistic metric spaces. This condition has 
further been weakened by introducing the notion of weakly compatible mappings by Jungck 
and Rhoades I 12,13 !. ^he conce p t 0 f wea kly compatible mappings is most general as each pair of 
compatible mappings is weakly compatible but the reverse is not true. In 2002, Aamri and El- 
Moutawakil M introduced the well known concept (E.A) property and generalized the concept 
of non-compatible mappings. The results obtained in the metric fixed point theory by using the 
notion of non-compatible mappings or (E.A) property are very interesting. Lastly, Al-Thagafi 
and Shahzad M introduced the notion of occasionally weakly compatible mappings which is 
more general than the concept of weakly compatible mappings. Several interesting and elegant 
results have been obtained by various authors in this direction [2, 3, 5-10, 14, 15, 18-20, 25]. 

In the present paper, we prove a common fixed point theorem for occasionally weakly 
compatible mappings in Menger space satisfying a new contractive type condition. Our result 
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improves many known results in the sense that the conditions such as completeness of the 
whole space (or any subspace), continuity of the involved mappings and containment of ranges 
amongst involved mappings are completely relaxed. 



§2. Preliminaries 

Definition 2.lJ 22 l A triangular norm T (shortly t-norrn) is a binary operation on the unit 
interval [0, 1] such that for all a, 6, c, d £ [0, 1] and the following conditions are satisfied: 

(i) T (a, 1) = a, 

(ii) T(a, b) = T (6, a), 

(iii) T(a, b) < T(c, d) for a < c, b < d, 

(iv) T(T(a,6),c)=T(o,T(6,c)). 

Examples of f-norms are: 

Tj}(a, b) = min{a, 6}, Tp(a, b) = a.b and T p(a, b) = max{a + 6 — 1, 0}. 

Now f-norms are recursively defined by T 1 = T and 

T"(ii, • • • , x n+1 ) = T(T n_1 (xi, • • • , x n ),x n+1 ). 

Definition 2.2.1 22 ! A mapping F : R. — > K + is called a distribution function if it is non- 
decreasing and left continuous with inf{P(f) : t £ R} = 0 and sup {F(t) : f £ R} = 1. 

We shall denote by 3 the set of all distribution functions while H will always denote the 
specific distribution function defined by 

, N f 0, if t < 0, 

m = { 

1 1, if t > 0. 

Definition 2.3J 22 ! A PM- space is an ordered pair (X,F), where X is a non-empty set 
and T is a mapping from X x X to 3, the collection of all distribution functions. The value 
of T at (x,y) £ X x X is represented by F x y . The function F x y are assumed to satisfy the 
following conditions: 

(i) F x ,y{ 0) = 0, 

(ii) F x>y (t) = 1 for all t > 0 if and only if x = y, 

(iii) F X:V (t) = F y>x (t), 

(iv) F X:Z (t) = 1, F Zt y(s) = 1 => F x y (t + s) = 1, for all x, y, z £ X and t, s > 0. 

The ordered triple (X,F,T) is called a Menger space if (X,F) is a PM- space, T is a 
f-norm and the following inequality holds: 

F x . y {t + s) > T (F XjZ (t),F Zy y(s)), 

for all x, y , z £ X and t , s > 0. Every metric space (A, d ) can be realized as a PM-space by 
taking T : X x X — > 3 defined by F X:V (t) = H{t — d(x, y)) for all x, y £ X. 

Definition 2.4.1 22 ! Let (A, F, T) be a Menger space with continuous f-norm T. 
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(i) A sequence {a; n } in X is said to be convergent to a point x in X if and only if for 
every e > 0 and A > 0, there exists a positive integer N(e, A) such that F XntX (e) > 1 — A for all 
n > N(e, A). 

(ii) A sequence {x n } in X is said to be Cauchy if for every e > 0 and A > 0, there exists a 
positive integer N(e, A) such that F XntXm (e) > 1 — A for all n, m> N(e, A). 

(iii) A Menger space in which every Cauchy sequence is convergent is said to be complete. 

Definition 2.5.I 17 ! Two self mappings A and 5 of a Menger space (X,F,T) are said to 

be compatible if FASx n ,SAx n (t) —■ y 1 for all f > 0, whenever {x n } is a sequence in X such that 
linin^oo Ax n = linin^oo Sx n = z for some z £ X. 

Definition 2. 6. 1 14 ) Let A and S be two self mappings of non-empty set X. A point x £ X 
is called a coincidence point of A and S if and only if Ax = Sx. In this case w = Ax = Sx is 
called a point of coincidence of A and S. 

Definition 2.7.1 12 ! Two self mappings A and 5 of a non-empty set X are said to be weakly 
compatible if they commute at their coincidence points, that is, if Ax = Sx for some x £ X , 
then ASx = SAx. 

Remark 2.lJ 24 l If self mappings A and S' of a Menger space (X,F,T) are compatible 
then they are weakly compatible but converse is not true. 

Definition 2.8.I 14 ] Two self mappings A and S of a non-empty set X are occasionally 
weakly compatible if and only if there is a point x £ X which is a coincidence point of A and 
S at which A and S commute. 

Lemma 2. id 14 ! Let X be a non-empty set, A and S are occasionally weakly compatible 
self mappings of X. If A and S have a unique point of coincidence, w = Ax = Sx, then w is 
the unique common fixed point of A and S. 

Proposition 2.1. 1 23 ! A binary operation T : [0,1] x [0,1] — > [0,1] is a continuous f-norm 
and satisfies the condition 

lim^ocT^ (l-cd(t)) = 1, 

where a : R + —>(0,1). It is easy to see that this condition implies lim^oo a n (t) = 0. 



§3. Result 



Theorem 3.1. Let (X, F, T) be a Menger space with continuous f-norm T. Further, let 
A, L , M and S be self-mappings of X and the pairs (L, A) and (M, S) be each occasionally 
weakly compatible satisfying condition: 



FLx,My{t ) > 1 — Oi(t) (1 — FAx,Sy(t)) , 



(1) 



for all x, y £ X and every t > 0, where a : R + — > (0, 1) is a monotonic increasing function. 
If 



lim^ocT»„ (l — a’(t)) = 1. 

Then there exists a unique point w £ X such that Aw = Lw = w and a unique point z £ X 
such that Mz = Sz = z. Moreover, z = w, so that there is a unique common fixed point of 
A, L, M and S. 
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Proof. Since the pairs (L, A) and (M, S) are occasionally weakly compatible, there exist 
points u, v £ X such that Lu = Au, LAu = ALu and AIv = Sv, MSv = SMv. Now we show 
that Lu = Mv. By putting x = u and y = v in inequality (1), we get 



FLu,Mv{t) > 1 — a(t)(l — FA Ut Sv(t)) 



= 1 — a(t)(l — F LUtMv (t)) 

> 1 - a(t){ 1 - (1 - a(t)( 1 - F Lu ,Mv{t)))} 
= 1 — a 2 (t)(l - F LU}M v{t)) 

> F LuM v(t))->l. 



Thus, we have Lu = AIv. Therefore, Lu = Au = AIv = Sv. Moreover, if there is another point 
z such that Lz = Az. Then using the inequality (1), it follows that Lz = Az = Mv = Sv, or 
Lu = Lz. Hence w = Lu = Au is the unique point of coincidence of L and A. By Lemma 2.1, 
w is the unique common fixed point of L and A. Similarly, there is a unique point z £ X such 
that z = Mz = Sz. Suppose that w ^ z and taking x = u and y = z in inequality (1), we get 



F Lu ,Mz(t) 



F w , z (t) 



> 


1 


— a(t)(l — 


FAu,Sz(t)), 


> 


1 


— a(t)(l — 


Fw,z( t)) 


> 


1 


— a(t){l - 


- (1 - - F w , z (t)))} 


= 


1 


— a 2 (t)(l - 


- F w , z {t)) 


> 




. > 1 - a n 


- F WtZ (t)) ^ 1. 



Thus, we have, w = z. So w is the unique common fixed point of the mappings A, L , AI and 

S. 

Now, we give an example which illustrates Theorem 3.1. 

Example 3.1. Let X = [0, 1] with the metric d defined by d(x,y) = \x — y\ and for each 
t £ [0, 1] define 



F x ,y(t ) 



t 

t+\x-y\ I 



if t > 0, 



0, if t = 0, 



for all x, y £ X. Clearly ( X , F , T) be a Menger space, where T is a continuous t-norm. Define 
the self mappings A, L , M and S by 



L{x) = 



M(x) = 



x, 

1 , 



1 

2 > 

1 , 



if 0 < x < 
if \ < x < 1. 

if 0 < x < j , 
if | < x < 1. 




f , if 0 < x < 

0, if | < x < 1. 

f, if 0 < x < 
f , if \ < x < 1. 



Then A, L , M and S satisfy all the conditions of Theorem 3.1 with respect to the distribution 
function F x ^ y . 

First, we have 
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and 



^ = 2 =^ ^ LA ^ = \= AL ^ 



M {\) = \ = 5(i) and MS{\) = \ = SM {\) , 



that is, L and A as well as M and S are occasionally weakly compatible. Also \ is the unique 
common fixed point of A, L , M and S. On the other hand, it is clear to see that the mappings 
A , L, M and S are discontinuous at ^ . Moreover, this example does not hold any condition 
on the containment of ranges amongst involved mappings. 

By choosing A, L, M and S suitably, we can deduce corollaries for a pair as well as for a 
triod of self mappings. The details of two possible corollaries for a triod of mappings are not 
included. As a sample, we outline the following natural result for a pair of self mappings. 

Corollary 3.1. Let (A, T, T) be a Menger space with continuous f-norm T. Further, let 
A and L be self mappings of A' and the pair ( L , A) is occasionally weakly compatible satisfying 
condition: 

FLx,Ly{t ) > 1 — a(t) (1 — FAx,Ay(t )) , (2) 

for all x, y £ X and every t > 0, where a : R + — > (0, 1) is a monotonic increasing function. 

If 



lim™T-„ (l-cd(f)) = 1. 
Then A and L have a unique common fixed point in A. 
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Abstract In this paper we introduce the strongly generalized difference 

U 2x 2 A2 [A,A"\p,/] 

= | X = (x mn ) &w 2 ■ r limy- 1 ^2 \j (jA; ((m + n)!A m * mn ) ">+" |)J ' (m " ) =0>. t 

t mnG/rs ) 



U 2A 2 A2 [A,A™,p,f] 

X = ( Xmn ) £ W 2 : SUpA^/ ^ ( | A; ( A ™ Xmn ) ™ + " |) j < 00 

r,S mnE.Irs 

where / is a modulus function and Ai = is a nonnegative four dimensional matrix of 

complex numbers and Pi( mrl ) is a sequence of positive real numbers. We also give natural 
relationship between strongly generalized difference U 2x 2 Aa [A, A m ,p, /]-summable sequences 
with respect to /. We examine some topological properties of U 2x 2 Aa [A, A m ,p, f] spaces and 
investigate some inclusion relations between these spaces. 

Keywords De la Vallee-Poussin mean, difference sequence, gai sequence, analytic sequence, 
modulus function, double sequences. 
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§1. Introduction 

Throughout w, % and A denote the classes of all, gai and analytic scalar valued single 
sequences, respectively. 

We write w 2 for the set of all complex sequences ( x mn ), where m, n G N, the set of 
positive integers. Then, w 2 is a linear space under the coordinate wise addition and scalar 
multiplication. 

Some initial works on double sequence spaces is found in Bromwich M . Later on, they 
were investigated by Hardy 1 6 1, Moricz I 10 !, Moricz and Rhoades I 11 !, Basarir and Solankan I 2 1, 
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Tripathy I 18 l, Colak and Turkmenoglu Turkmenoglu t 2 °l and many others. 

Quite recently, in her PhD thesis, Zelter I 24 l has essentially studied both the theory of 
topological double sequence spaces and the theory of summability of double sequences. Mur- 
saleen and Edely I 25 l have recently introduced the statistical convergence and Cauchy for double 
sequences and given the relation between statistical convergent and strongly Cesaro summable 
double sequences. Nextly, Mursaleen I 26 l and Mursaleen and Edely I 27 ! have defined the almost 
strong regularity of matrices for double sequences and applied these matrices to establish a 
core theorem and introduced the M - core for double sequences and determined those four di- 
mensional matrices transforming every bounded double sequences x = (xjk) into one whose 
core is a subset of the M - core of x. More recently, Altay and Basar I 28 l have defined the spaces 
BS , BS (t) ,CS p ,CSb p ,CS r and BV of double sequences consisting of all double series whose se- 
quence of partial sums are in the spaces 0A U . A4 U (t) ,C p ,Cb p ,C r and C u , respectively, and also 
examined some properties of those sequence spaces and determined the a-duals of the spaces 
BS,BV } CSb p and the 0 (d)-duals of the spaces CSb P and CS r of double series. Quite recently 
Basar and Sever I 29 ! have introduced the Banach space C q of double sequences correspond- 
ing to the well-known space £ q of single sequences and examined some properties of the space 
Cq. Quite recently Subramanian and Misra [ 3 °1 have studied the space Xm (P>Qi u ) of double 
sequences and gave some inclusion relations. 

Spaces are strongly summable sequences were discussed by Kuttner I 32 l, Maddox I 33 l and 
others. The class of sequences which are strongly Cesaro summable with respect to a modulus 
was introduced by Maddox t 9 l as an extension of the definition of strongly Cesaro summable 
sequences. Connor ^ 34 1 further extended this definition to a definition of strong A-summability 
with respect to a modulus where A = ( a n *,) is a nonnegative regular matrix and established 
some connections between strong A-summability, strong A-summability with respect to a mod- 
ulus, and A-statistical convergence. In [35] the notion of convergence of double sequences was 
presented by A. Pringsheim. Also, in [36]- [40] the four dimensional matrix transformation 
(^) M = E^ =1 Er= i was studied extensively by Robison and Hamilton. In their 

work and throughout this paper, the four dimensional matrices and double sequences have 
real-valued entries unless specified otherwise. In this paper we extend a few results known in 
the literature for ordinary (single) sequence spaces to multiply sequence spaces. A sequence 
x = (a;j( mn )) is said to be strongly (V 2 , A 2 ) summable to zero if t rs (|:r|) — > 0 as r, s — > 00 . 
Let A = be an infinite four dimensional matrix of complex numbers. We write 

Ax = (Ai (a:))~ 1 if A, (x) = E^Li ( a i(™") ) ) x ™n converges for each i £ N. 

Let p = ( Pmn ) be a sequence of positive real numbers with 0 < p mn < supp mn = G and 
let D = max (l, 2 G ~ 1 ) . Then for a mn , b mn £ C, the set of complex numbers for all m, n £ N 
we have 



&mn 






(i) 



The double series n _ 1 x rnn is called convergent if and only if the double sequence ( s mn ) 
is convergent, where s mn = 1 Xij(m,n £ N) (see [1]). 

A sequence x = (x mn ) is said to be double analytic if sup mn \x mn ^ m+n < 00 . The vector 
space of all double analytic sequences will be denoted by A 2 . A sequence x = (x mn ) is called 
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double gai sequence if ((to + n)! \x mn \) 1/,m+n — > 0 as to, n — > oo. The double gai sequences will 
be denoted by y 2 . Let </> = {all finite sequences} . 

Consider a double sequence x = (x,j). The (to, n) th section a}™’"! of the sequence is defined 
by x^ m,n ^ = Y2 Tj=o x ij^ij f° r TO , nfN, where Qfy denotes the double sequence whose only 
non zero term is a jjzfjy in the (i,j) place for each i, j G N. 

The notion of difference sequence spaces (for single sequences) was introduced by Kizmaz 
1 31 1 as follows: 



Z (A) = {x = ( x k ) G w : (Ax k ) G Z} , 

for Z = c, cq and where Ax k = x k — x k +i for all k G N. Here w, c, cq and denote 
the classes of all, convergent, null and bounded sclar valued single sequences respectively. The 
above spaces are Banach spaces normed by 

INI = |xi| + sup fc >! |Ax fc | . 

Later on the notion was further investigated by many others. We now introduce the 
following difference double sequence spaces defined by 

Z (A) = {x = (Xmn) G w 2 : (Ax mn ) G z) , 

where Z = A 2 , x 2 and Ax mn = ( x mn - x mn+1 ) - ( x m+ i n - x m+ln+1 ) = x mn - x mn+1 - 
Xm+in + x m+ i n+ i for all to, n G N, A rn x mn = AA m ~ 1 x mn for all to, n G N, where A m Xm n = 
A m ~ 1 x mn - A m ~ 1 x mn+ i - A m ~ 1 x m+ i tn + A m ~ 1 x m+ i tn+ i, for all to, n G N. 

Definition 1.1. A modulus function was introduced by Nakano I 13 !. We recall that a 
modulus / is a function from [0,oo) — > [0,oo) , such that 

(i) / (x) = 0 if and only if x = 0, 

(ii) f(x + y)<f(x) + f (y) , for all x > 0, y > 0, 

(iii) / is increasing, 

(iv) / is continuous from the right at 0. 

Since | f (x) — f (y)\ < / ( \x — y|), it follows from condition (iv) that / is continuous on [0, oo) . 

Definition 1.2. The double sequence A 2 = {(/3 r , /r s )} is called double A 2 sequence if 
there exist two non-decreasinig sequences of positive numbers tending to infinity such that 
Pr+i < fi r + 1, P i = l and ^ s+ i < fi s + 1, p-| = 1. The generalized double de Vallee-Poussin 
mean is defined by 

trs = trs ( Xmn ) = YZ(m,n)eI rs X mm 

where X rs = (3 r ■ fx s and I rs = {( mn ) :r — (3 r + 1 < m < r, s — /x s + l<n<s}. 

A double number sequence x = ( x mn ) is said to be (V 2 , A 2 )-summable to a nunmber L if 
P-linVs t rs = L- If A rs = rs, then then (V 2 , A 2 )-summability is reduced to (C, 1, l)-summability. 

§2. Main results 

Let A = * j I s an infinite four dimensional matrix of complex numbers and p = 

(Pi.(mn)) be a double analytic sequence of positive real numbers such that 0 < h = inf,; Pi( mn ) < 
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sup^ Pi (jnn) = H < oo and / be a modulus. We define 
[A,A m ,p,f] 



mn(zl r 



PiW 



= 0 



M 


Pi(mr 


0 1 






< oo 


/ 




J 



= | a: = (x mn ) € w 2 : Zim T . | g_ >00 A rs 1 ^ f ( Ai((m + n)!A m x mn ) m + n J 

V 2 A 2 A2 [A,A m ,p, /] 

= < a; = (x mn ) e w 2 : sup^A" 1 ^ / ( A* (A™^)^ ) 

V mnG/ rs 

where A, (A m a;) = £m=i £~ =1 “iS? 

Theorem 2.1. Let / be a modulus function. Then P 2x 2 Aa [A, A TO ,p, /] is a linear space 
over the complex field C. 

Proof. Let x, y £ P 2y 2 A2 [A, A m ,p, /] and a , p £ C. Then there exists integers D a and 
D fj, such that |a| m +" < D a and \p\ m+rl < D M . By using (1) and the properties of modulus /, 
we have 



k: e 

mnG/ r 



/ 



oo oo 



T. r, a*!™"? ((to + n)!A m (aa; mn + px mn )y 



< DD% A" 1 £ 

mn£l rs _ 

+nnfA- 1 £ 

mnG/ r 

— > 0, as r, s — > oo. 



ra=l n=l 

oo oo 



Pi(mrt) 



-I Pi( m ») 



5Z an ‘^ r ‘ a i(M) ) (( m + n ) !A ’" I J'* + 

=1 n— 1 
oo oo 

((TO + n)!A m x m „)^ 



m— 1 n=l 



Pi(m») 



This proves that P 2x 2 A2 [A, A m ,p, f] is linear. This comples the proof. 

Theorem 2.2. Let / be a modulus function. Then the inclusions V r 2x 2 A2 [A, A rn ,p 1 f] C 
P 2A 2 A2 [A, A m ,p, f] hold. 

Proof. Let x £ P 2x 2 A2 [A, A m ,p, /] such that x — > (P 2x 2 Aa [A, A m ,p, /]) . By using (2), 
we have 



= sup , 



Pic™*) 



sup A rs 1 ^ / ( A* ((to + n)!A m x m „) m + n ) 

rs r *- \ / 

ran£i rs 

•A" 1 ^ / ( A l ((TO + n)!A m x m „) 5 ^ -0 + 0 ) 

mn£lrs 

< D sup A” 1 y^ / ( Aj ((to + n)!A m a; m „) - 0 ) 

rs r L V / 

mn£l rs 

+Dswp\- S 1 y^ [/(|0|)f i(mn) 

rs ^ T 

mn£l rs 

< D sup A” 1 y^ / ( Ai ((to + n)!A m a; m „) - 0 ) 

rS mnGlrs 

+Tmax{/(|0|)'\/(|0|) ff } 



P<(»*0 



Pi(™n) 






< OO. 
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Hence x £ V r 2 A 2 A2 [A, A m ,p, f] . Therefore the inclusion V x 2 [A, A m ,p, f] C P 2 A 2 Aa [ A , A m ,p, f } 
holds. This completes the proof. 

Theorem 2.3. Let p = (pi( mn )) £ A 2 . Then P 2x 2 A2 [A, A m ,p, /] is a paranormed space 

g (x) = sup rg (A” 1 E mn ei rs f ( A i i( m + n)lA m x mn )^ ) “ , 

where M = max(l,sup i pi) 

1 

Proof. Clearly g{—x) = g (x) . It is trivial that ((m + n)! A m x mn ) m+n = 0 for x mn = 0. 
Hence we get g (0) = 0. Since < 1 and M > 1, using Minkowski’s inequality and definition 
of modulus /, for each (r, s) , we have 



l X rs E f ( A i ((m + n)!A m (x m „ + y m „)) m +" ) 

\ mn£/ rs 

< (A " 1 E /( Ai ((m + n)\A m x mn )^+^ ) 

\ mn(z.Irs 

+ (V/ E [f(\Ai(( m + ny.A m y mn )^\) 






-i 



P<(m») 



mn£l r . 



Now it follows that g is subadditive. Let us take any complex number a. By definition of 
modulus /, we have 



g ( ax ) = sup | A rs 1 E / ( A, ((m + n)!A m ax mn ) ) 



mriGh. 



P<(mn) 



< K M g (x) 



where A' = 1 + 



a m +" 



] denotes the integer part of f) . Since / is modulus, we have x — > 0 
implies g {ax) — > 0. Similarly x — > 0 and a — > 0 implies g (ax) — > 0. Finally, we have x fixed 
and a — > 0 implies g (ax) — > 0. This comples the proof. 

Theorem 2.4. Let / be amodulus function. Then P 2x 2 Aa [A, A m ,p\ C P 2x 2 A2 [A, A m ,p, /]. 
Proof. Let x £ P 2x 2 Aa [A, A m ,p] . We can choose 0 < S < 1 such that /(f) < e for every 



t £ [0, oo ) with 0 < t < S. Then, we can write 

A" 1 E [/(|^((m + n)!A m x mn )^r _ 0 |) 



mnG/ r 



Pi(mn) 



— A», 



E 



mn E irs 

I 1 I 

lAi ( (m + n)!A m imn) m+n < , 



+A r . 



E 



/ ( Ai ((m + n)!A m x m „) m +" ) 

/ ( Ai ((to + ?r)!A m x mn ) ) 



Pit™) 






mn E Irs 

I 1 I 

((m + n)!A m xmn) m + n > , 



< 



max |/ (e) h , f (e ) H } + max |l, (2/ (1) 5 E} A^ 
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E 

1 | 

((m -|- n)!A m imn) m-\-n •> g 




Aj((m + n)!A m a: mn )™+" ) 






Therefore a; G P 2x 2 A2 [A, A m ,p, f ] . This completes the proof. 

Theorem 2.5. Let 0 < Vi{ mn ) < Qi(mn) and { } be bounded. Then F 2 A 2 [A, A m , q, f } 

V 2 x 2 ^[A,A m ,p,f]. 

Proof. Let 

xeV 2 ^[A,A m ,q,f], (2) 

, I «i(m,0 



C 



Let ti = \ r s E 



Ks E / ( A i (( m + n)\A m x mn ) -+" ) 
/ ( ^((m + n^A™;^)™^ ) 



mnG/ r 



mnG/r, 



Qi(mn) 



0 as r, s — > 00 . 



0 as r, s — > 00 and 



( 3 ) 



'Ti(mn) 



■ Since ft( TOn ) < %(„„), we have 0 < 7 { ( m „) < 1 . Take 0 < 7 < 7 j( mn ). Define ft = fj(tj > 



1), Ui = 0 < 1) and ft = 0(t l > 1), ft = ti(U < 1). tj = ft + ft, t - ' = u. 
Now it follows that 

ft H 

iTi(mTi) _ 7 i(m«) , + 7 i(m») / . , „,A 






-t 7,<m '‘ ) < ft < U and ft 71 '™"' < ft 7 , 
i.e., + ft'” (m '* , , f 7 ’ (mn) < U + v* by ( 4 ), 



( 4 ) 



< 



[ E/ E / ( ^* (( TO + ra)!A m a; mn ) m+ " ) 

\ mn£l rs 

A " 1 E / ( E ((m + n)!A m a: mll )^ ) 









7i(mn) 



ran£j r 






l'(mn) 



f E/ E / ( E (( m + n)!A m a; m „) m +™ ) 

\ ran£/ rs 

< A ” 1 E / ( A (( m + n)!A m a; ron )" ; T ;i ) 

mn(E J rs 

| A ” 1 E /(^((m + nJiA’X™)^) ' j 

\ mnG/rs / 

< A” 1 E / ( E ((m + n)!A m a: mn )^ ) 



mn(E J r 



9i(mn) 



But 



-/mn£/ r , 



(A*./ E 

(A r / E mne/„ f ( 



f (^Ai ((to + n)!A m ir m „) m+T * ^ ^ — > 0 as r, s — > 00. By ( 3 ), therefore 

t \ I Pi(mn) \ 

Ti ((to + n)!A m a; rrm ) ' r, • + ’ , 1 1 — > 0 as r, s — > 00. Hence 

( 5 ) 



[A,A m ,p,f\. 



From ( 2 ) and ( 5 ), we get P 2x 2 A2 [A, A m , q, f] C P 2x 2 A2 [A, A m ,p, f ] . This completes the proof. 
Theorem 2.6. (i) Let 0 < inf ft < ft < 1 . Then ft 2x 2 A2 [A, A m ,p, /] C P 2x 2 A2 [A, A m , /], 

(ii) Let 1 <ft < sup pi < 00. Then P 2x 2 A2 [T,A m ,/] c P 2x 2 Aa [T,A m ,p, /], 

(iii) Let 0 < pi < qi < 00 for each i. Then H 2x 2 A2 [A, A m ,p, f) C P 2x 2 A2 [A, A m ,q, f] . 
Proof. The proof is a routine verification. 
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Abstract We, here, study a certain differential subordination involving a multiplier transfor- 
mation which unifies some known differential operators. As a special case of our main result, we 
find some new results providing the best dominant for f(z)/z p , f{z)/z and f'(z)/z p ~ , f'(z). 
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§1. Introduction and preliminaries 

Let A be the class of all functions / which are analytic in the open unit disk E = {z £ 
C : \z\ < 1} and normalized by the conditions that /( 0) = /'( 0) — 1 = 0. Thus, / € A has the 
Taylor series expansion 

OO 

f(z) = z + ^2a k z k . 

k= 2 

oo 

Let A p denote the class of functions of the form f(z ) = z p + E a k z k , p G N = {1,2,3, • • • }, 

k—p-\- 1 

which are analytic and multivalent in the open unit disk E. Note A\ = A. For f € A p , define 
the multiplier transformation I p {n 1 A) as 

OO /h\ \\ n 

I p (n,X)f(z) = z p + ^2 ( , ) a k z k , (A > 0,n e N 0 = NU {0}). 

k=p+ 1 ' 

The operator I p (n, A) has been recently studied by Aghalary et al.M. /i(n, 0) is the well-known 
Salagean t 6 l derivative operator D n , defined for / € A as under: 

OO 

D n f{z) = z + Y J k n a k z k . 

k= 2 

For two analytic functions / and g in the unit disk E, we say that / is subordinate to g 
in E and write as / A g if there exists a Schwarz function w analytic in E with u^O) = 0 and 
|tu(^)| <1, ztE such that f(z) = g(w(z)), z £ E. In case the function g is univalent, the 
above subordination is equivalent to: /( 0) = g(0) and /(E) C 5(E). 
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Let $ : C 2 x E — > C be an analytic function, p be an analytic function in E such that 
(pp), zp'{z)\ z) G C 2 x E for all z G E and h be univalent in E. Then the function p is said to 
satisfy first order differential subordination if 



$00), VO ); z ) -< 7*0), $00), 0; o) = h(o). (i) 

A univalent function q is called a dominant of the differential subordination (1) if p(0) = g(0) 
and p < q for all p satisfying (1). A dominant q that satisfies q -< q for each dominant q of (1), 
is said to be the best dominant of (1). 

Owa V studied the class B(a,/3) of functions / G A satisfying the following inequality 



3? 



jTPX/O)) 0 - 1 ^ 



> (3, z G E. 



Owa V proved that if / G B{a,/ 3), then 3? ^ zeE. 

Liu I 3 1, studied the class B(X,a,p, A 1 B) which is analytically defined as under: 



B{X,a,p,A,B) = if G Ap : (1 - A) 



m 

zP 



+ X 



zf o) a o) 



pf{z) V zP 



-< 



1 + Az 
1 + Bz 



where a > 0, A > 0, 1 < B < 1 and A ^ B. 

Liu I 3 !, investigated the class B(X,a,p, A, B) to find the dominant F such that 



M 

zP 



■< F(z), 



whenever / G B(X,a,p,A, B). 

As a special case of our main result, we, here, obtain the function h such that / G A p , 
satisfies 



(1- A) 



then 



M 

zP 

m 

zP 



+ X 



zf\z) ( f{z) 



< h(z), zGE, 



Pf{z) V zP 

1+Az _^ 1<B<A<1 
1 + Bz’ 



f(z) 

Lecko also made some estimates on J " , / G A in terms of certain differential subor- 

z 

dinations. 

In the present paper, we study a certain differential subordination involving the multiplier 
transformation I p {n , A), defined above. The differential operator studied here, unifies the above 
mentioned differential operators. Our results generalize and improve some know results. We 
also obtain certain new results. 

To prove our main result, we shall make use of the following lemma of Miller and Macanu 

[ 4 ] 



Lemma 1.1. Let q be univalent in E and let 6 and 4> be analytic in a domain D containing 
g(E), with 4>(w) ^ 0, when w G q(E). Set Q(z) = zq' (z)(j)[q(z)\, h(z) = 9[q(z)] + Q(z) and 
suppose that either 
(i) h is convex, or 
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(ii) Q is starlike. 

In addition, assume that 

(iii) 3? >0, zeE. 

If p is analytic in E, with p(0) = g(0), p(E) C D and 

9[p(z)\ + zp' {z)4>\p{z)\ < Q[q(z )] + zq' {z)<f>[q{z)], 
then p{z) -< q(z) and q is the best dominant. 

§2. Main results 



/ e A 



In what follows, all the powers taken are the principle ones. 

Theorem 2.1. Let a and fl be non-zero complex numbers such that 3 (f (/3/a) > 0 and let 

I P (n, A )f{z)Y 



P ’ 



ZP 



7 ^ 0, z€E, satisfy the differential subordination 



I P (n, X)f(z) 



zp 



P r 



1 — a + a 



Ip{n + 1, A)/(z) 
I P (n,X)f(z) 



1 + Az a {A — B)z 

1 + Bz^ |3(p+X){l + Bz) 2, 



then 



I p(n,X)f(z) \ ^ 1 + Az 
zp 7 1 + Bz 



, - 1 < B < A< 1, zgE. 



The dominant is the best one. 

1 -| -JDZ 



Proof. Write u(z ) = 



Ip(n,X)f(z) 



zp 



P 



. A little calculation yields that 



I P (n , X)f(z) 



zp 



I p {n + l,X)f(z) 
1 - a+a —— — 

I p \ n , X)f(z) 



= u(z) + 



a 



A(p + A) 



zu'(z). 



Define the functions 9 and (f> as under: 



(3) 



6(w) = w and 4>{w) = 



+ A) ' 



Obviously, the functions 9 and </> are analytic in domain D = C and cf>{w) 0, w £ D. Setting 
1 + A.z 

q{z) = ^ , — 1<B<A<1, z £ E and defining the functions Q and h as follows: 

Q{z) = zq’ {z)(j>{q{z)) = ° .. zqflz) = 01 ( A B ) z 



fliP+X) 



flip + A) (1 + Bz) 2 



and 



, , , , ,, , , , a ... 1 + Az a iA — B)z ... 

hiz) = 9iqiz)) + Qiz) = qiz) + — — — -zq (z) = + — — — y (4) 



flip + A) 



1 T Bz flip+ A) (1 + Bz) 2 ' 



A little calculation yields 






Qiz) 



q'iz) 



1+Bz 
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i.e. , Q is starlike in E and 

Kw) = K 1 + W +(p+A) a) = KrrS) + (p+A)S! (o) >0 ' z6E - 

Thus conditions (ii) and (iii) of Lemma 1.1, are satisfied. In view of (2), (3) and (4), we have 

9[u{z)\ + zu' {z)(j>[u{z)] -< 0[q(z)\ + zq' {z)(j>[q{z)}. 

Therefore, the proof follows from Lemma 1.1. 

For p = 1 and A = 0 in above theorem, we get the following result involving Salagean 
operator. 

Theorem 2.2. If a , (3 are non-zero complex numbers such that 3?(/3 /a) >0. If / £ 
' D n f(A 

A, ( — - ) / 0, z e E, satisfies 



D n f{z) 



9 r 



1 — a + a 



D n+1 f(z ) 
D n f(z) 



1 + Az a(A — B)z 

TB~z + ~ni+B Z r - 1 ^ B<A ^ 1 > 



then 



1±4£, 2€E . 

z J 1 + Bz 



The dominant .1 + f, z is the best one. 

1 -\-Bz 



§3. Dominant for f(z)/z p , f{z)/z 



In this section, we obtain the best dominant for f(z)/z p and f(z)/z, by considering par- 
ticular cases of main result. Select A = n = 0 in Theorem 2.1, we obtain: 

Corollary 3.1. Suppose a, j3 are non-zero complex numbers such that 5i(/3/a) > 0 and 



if / el 



m 

Z p 



P 



7 ^ 0, zeE, satisfies 



(1 _ o) ('My* + a iOh ( M]\ l±± + 6 E, 



Z p 



pf(z) \ Z p J 1 + Bz p/3 (1 + B z y 



f(z)\ ^ 1 + Az , -i<b <A<1, zeE. 



then 



Z p ) 1 + Bz 

Taking (3 = 1 in above theorem, we obtain: 

Corollary 3.2. Suppose a is a non-zero complex number such that 3? (1/a) > 0. If 

f(z) 

f £ A v , 0, ^ £ E, satisfies 

z p 

n J(z) , f(z) 1 + Az a (A- B)z 

(! - a )—z~ + a— — -< + - , 2 : £ E, 

Z p p Z P 1 1 + Bz p (1 + Bzy 

f(z) 1 + Az 



then 



zp 1 + Bz 



, -1 < B < A<1, z GE. 
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On writing a = 1 in Corollary 3.1, we get: 

Corollary 3.3. Let (3 be a complex number with SR {(3) > 0 and let / £ A p , 
0, z £ E, satisfy 



M 

zP 






zf'(z) (f(z)y l + Az 1 (A-B)z 

pf{z ) ^ zP J 1 + Bz p/3 (1 + Bz) 2 7 



— 1 < B < A <1, z € E, 



then 



M 

zP 



1 + Az 



Selecting a = (3 = 1/2 in Corollary 3.1, we get: 

Corollary 3.4. If / £ A Vl 



/(*) 



zp 



0 0, z £ E, satisfies 



f(z) ( zf'(z)\ 2(1 + Az) 2 (A-B)z 



zp 



1 + 



Pf(z ) 



-< 



l + £z p(l + Bz) 2 



, 2 e E, 



then 



f(z) ^ 1 + Az ' _ X < B <A <^ z£ e. 



zp 1 + Bz 

Taking p = 1 in Corollary 3.2, we have the following result. 

Corollary 3.5. If a is a non-zero complex number such that R(l/a) > 0 and if / £ 
f(z) 

A, A 0, 2 £ E, satisfies 

(i - a) M + „/'(,) + _ 1 < b <^<i, 2 € e, 



then 






Writing a = 1 in above corollary, we obtain: 



Corollary 3.6. If / £ A, 



f(z) 



0 0, z £ E, satisfies 



then 



/,(2 > -< TTTT: + (TW 

Setting p = 1 in Corollary 3.3, we have the following result: 
Corollary 3.7. If (3 is a complex number with 3? (0) > 0 and if / £ A , 
E, satisfies 

f(z)(f(z))l 3 - 1 1 + Az , 1 (A-B)z 



f(z) 



0 0, z £ 



z /3-l 



+ 



then 



1 + Bz (3 {1 + Bz) 2 
f(z)Y 1 + Az 



, ~1<B<A<1, z£E, 



+ 



1 + Bz 



, z £ E. 
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Setting p = 1 in Corollary 3.1, we obtain the following result that corresponds to the main 
result of Shanmugam et al. ^ . 

Corollary 3.8. If a, /3 are non-zero complex numbers such that SR (/3/a) >0. If f G 
A, ( 1 yf 0, 2 € E, satisfies 



(1 - a) 



m 



f(z) ff(z)Y l + Az , a(A-B); 



m 



-< 



l + Bz /3 (1 + Bz) 2 



, 2 g E, 



then 



f(z)\ l + Az _ 1<s<A<l eE 
l + Bz ~ ~ 



§4. Dominant for f'(z)/z p 1 , f\z ) 



In this section, we find the best dominant for f (z)/z p ~ l and f'{z) as special cases of main 
result. Select A = 0 and n = 1 in Theorem 2.1, we obtain: 

Corollary 4.1. Let a, f3 be non-zero complex numbers such that R(/3/a) > 0 and let 

/ e A p , 



(~^ l) ^ °> ~ £ E > satisfy 






f'(z) J \pzP~ 1 J l + Bz pf3(l + Bzf 



then 



1 T Az 



+ 



- I < B < A <1, 2 G E. 



\pzP~ 1 J ' l + Bz’ 

Taking (3 = 1 in above theorem, we obtain: 

Corollary 4.2. Suppose a is a non-zero complex number such that R(l/a) > 0. If 
f (z) 

f G A „ , t- ^ 0, 2 G E, satisfies 

pz p ~ l 



(1 — a) T + 



f'(z) , <*/'(*) / , 2/"(2)\ 1 + +2 , a(A-B)z 



1 + 






then 



pz p ~ l ' p 2 z p ~ r \ f'(z) J l + Bz p(l + Bz) 2 

f(z ) o(l + A?) 



, 2 e E, 



2P 



-1 






1 + S2 



-, — 1<B<A<1, 2 G E. 



On writing a = 1 in above corollary, we get: 

f'(z ) 

Corollary 4.3. If / G A„, , +0, 2 G E, satisfies 

pz p ~ L 

m , — 1<B<.4<1, zf E, 



2P- 1 ZP~ 2 



then 



l + Bz (l + Bz) 2 
f(z) v(l + Az) 



+ 



2 G E. 



zP- 1 ’ l + Bz 
Taking p = 1 in Corollary 4.2, we have the following result: 
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Corollary 4.4. If a is a non-zero complex number such that 3? (1/ cr) > 0 and if / € 
A, f'(z ) ^ 0, zeE, satisfies 



f(z)+azf"(z) -< 



1 + Az (A — B)z 
l + Bz +a (l + Bz) 2 ’ 



— 1<B<A<1, zeE, 



then 



/'(*) ~< 



1 + Az 
1 + Bz’ 



z G E. 
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Abstract A convergence results for a family of strongly pseudocontractive maps in Banach 
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§1. Introduction 

Let A be an arbitrary real Banach Space and let J : X — > 2 X be the normalized duality 
mapping defined by 

J{x) = {/ £ X* : < x, f >= ||x|| 2 = ||/|| 2 }, \/x £ X, (1) 

where X* denotes the dual space of X and < .,. > denotes the generalized duality pairing 
between X and X* . The single- valued normalized duality mapping is denoted by j. 

Let K be a nonempty subset of A. A map T : K —> K is strongly pseudocontractive if 
there exists k £ (0, 1) and j(x — y) £ J(x — y) such that 

(Tx - Ty, j(x - y)} < k\\x - y\\ 2 , Vx, y £ K. (2) 

A map T : K —> K is strongly accretive if there exists k £ (0, 1) and j(x — y) £ J(x — y) such 
that 



(Sx - Sy , j(x - y)) > k\\x - y || 2 , Vx, y £ K. (3) 

In (2), take k = 1 to obtain a pseudocontractive map. In (3), take k = 0 to obtain an accretive 
map. 

Recently, Zhang M studied convergence of Ishikawa iterative sequence for strongly pseudo- 
contractive operators in arbitrary Banach spaces under the condition of removing the restriction 
of any boundedness. In fact, he proved the following theorem: 

Theorem 1.1. Let A be a real Banach space, I\ a non-empty, convex subset of A and 
let T be a continuous and strongly pseudocontractive self mappings with a pseudocontractive 
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parameter k £ (0, 1). For arbitrary Xq £ I\, let Ishikawa iteration sequence {£„}“ be defined 
by 



Xn- f-1 — (1 &n)x n T OtnTyn: 

Vn (1 ^ n )x n T fin^Xn-, (4) 

where a n , (3 n £ [0, 1], and constants a, r £ (0, 1 — k) are such that 

0 < a < a n < 1 — k — t, n > 0, (5) 

If || Ty n — Tx n + 1 || — > 0 as n — » oo, then the sequence converges strongly to a unique 

fixed point of T £ K\ Moreover, 

i //-, Min 1, 2 , (1 — (1 — ar) n )M i 

\\x n - P < ((1 - or) Xo-p" + (- ) 2 , n> 1, 

ar 

where M = sup^\\Ty n - Tx n+1 \\' 2 . 

This result itself is a generalization of many of the previous results (see [4] and the references 
therein) . 

Let p > 2 be fixed. Let Ti : K — > K, 1 < i < p , be a family of maps. We introduce the 
following modified multi-step Noor iteration: 



Xn -\- 1 — (1 &n)Xn T ^nLiy n , 

y l n = { 1 - ot % n )x n + a l n T 1+i yl + \ i = 1, • ■ • ,p - 2, 

y V u l = (! - + <X V n X TvXn, ( 6 ) 

where the sequences {a n }, {a l n } (i = 1, • • • ,p — 2), in [0, 1) satisfies certain conditions. It is 
clear that the iteration defined by (6) is a generalization of the Ishikawa iteration (4). 

Let F(T\ t ■ ■ ■ ,T p ) denote the common fixed points set with respect to K for the family 
Ti, • • • ,T p . In this paper, following the method of proof of Zhang M , we prove a convergence 
results for iteration (6), for strongly pseudocontractive maps when the iterative parameter 
a n satisfies (5). These results extend and equally improve the recently obtained results from 
[4]. We give numerical example to demostrate that the modified multi-step Noor iteration (6) 
converges faster than the Ishikawa iteration M . 

Lemma 1.1. 1 2 ! Let X be real Banach Space and J : X — > 2 X be the normalized duality 
mapping. Then, for any x , y £ X, 

\\x + y\\ 2 < ||a:|| 2 + 2 < y, j(x + y) >, Vj{x + y) £ J{x + y). 



ity 



Lemma 1.2. 1 3 1 Let {a n } be a non- negative sequence which satisfies the following inequal- 



Pn + 1 ^ (1 tyPn T 



where A„ £ (0, 1), Vn £ N, A„ = oo and S n = o(A„). Then lim^oo 



a n = 0. 
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§2. Main results 

Theorem 2.1. Let p > 2 be fixed, X be a real Banach space and K a non-empty, convex 
subset of X. Let Ti be a strongly pseudocontractive map and T 2 ,--- ,T p : K — > K, with 
pseudocontractive parameter k £ (0, 1 ), such that ,T p ) ^ </>. If a, r £ (0, 1 — k), 

a n £ [0, 1 ) satisfies (5), Xo £ K , and the following condition is satisfied: 

lim \\Ty n — Tx n+ i|| = 0, (7) 

n— >oo 

then the iteration (6) converges strongly to a unique common fixed point of Ti, • • • , T p , which 
is the unique fixed point of Ti . 

Moreover, 

Ikn - p| I < ((1 - 2aT) n \\x 0 ~ p|| 2 + ( (1 ~ (1 ~ a 2 r arm )^, n > 0, 

where M = s»p{ (fc+ 1 T) 2 \\Tiy n - Tix n +i|| 2 }. 

Proof. Since T\ is strongly pseudocontractive, then there exists a constant k so that 

(Tix - T lVl j(x - y)) < k\\x - y \\ 2 , 



Let p be such that Tip = p. From Lemma 1.2, we have 



lkn+i -p|| 2 



(x n+ i - p,j(x n+ 1 - p)) 

((1 oc n )x n -\- cy n Tiy n (1 az n )p i j p)) 
((1 - a n )( x n - p) + a n (Tiy n - p),j(x n+ 1 - p)) 

((1 - a n )(x n - p),j(x n + 1 - p)) 

+ {otn{Tiy n ~ p),j(x n + 1)) 

(1 - a„)(x„ - p, j(x„ + i - p)) 

+a n (Tiy n - Tix n+ i, j(a; n+ i - p)) 

+a n (Tix n+ i - p,j(x n+ i - p)). 



(8) 



By strongly pseudocontractivity of T±, we get 

^n(TiX n ^_i p, l(x n _|_i)) ^ O n /c||x n ^_i P 1 1 — , 

for each j(x n + 1 — p) £ J(x n + ± — p), and a constant k £ (0, 1). 

From inequality (8) and inequality ab < a + b , we obtain that 



(1 - a n )\\x n - p|| ||®n+i - p|| < ^ - a n )||x„ - p|| 2 + \\x n +i - pf 



(9) 



and 



otn\\Tiy n - Tix„ + i||||x„ + i 



p|| < \{\\Tiy n ~ Tix n+ i|| 2 + a 2 n \\x n+ i - p|| 2 ). 



(10) 
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Substituting (9) and (10) into (8), we infer that 



IK+i-pf < -((l-a„) 2 ||^-a n || 2 + ||x n+ 1 ^p|| 2 ) 

+ 2 ( 11 ^ 12 /™ - Tl x n+ 1|| 2 + 0 ?n\\ X n+l ~ P\\ 2 ) 

-t-cr n /c|| x n _|_i p | . 



( 11 ) 



Multiplying inequality (11) by 2 throughout,we have 



2||x n+ i - p\\ 2 < (1 - a„) 2 ||x„ - p|| 2 + ||x n+ i - p|| 2 

+ ||ri y n — T\X n +i\\ 2 + o; 2 ||x n+ i — p|| 2 
+2a n k\\x n+1 - p\\ 2 . 



(12) 



By collecting like terms ||x n +i — p|| 2 and simplifying, we have 



(1 - 2 a n k - a 2 )||x n+ i - p\\ 2 < (1 - a n ) 2 \\x n - p || 2 + ||Tiy„ - Tix n+1 \\ 2 , 



using (5), we obtain 



(1 - a n ) 2 < 1 - 2a„ + a„(l - fc - r) = 1 - a n - fcr 

< 1 — 2 a n k — a n T < 1 — 2 a n k — a 2 , 



(13) 



thus 



kn+l -p || 2 < (1 9 a : ? 2 \\x n ~p\\ 2 

1 — 2a n k — a ^ 

\\Tiy n - TiX^+ill 2 
1 — 2 a n k — oil ’ 



(14) 



for all n > 0. 

Since k , a n £ (0, 1) and constants a, r £ (0, 1 — k) we have 



1 — a n > k + t. 



(15) 



From (13), one can have 



1 1 

< 



(l-a n ) 2 (fc + r) 2 



1 — 2 a n k — al 



< 



(16) 



98 



Adesanmi Alao Mogbademu 



No. 1 



From the above and (14) we have 

(1 - a n ) 2 



\\x n+1 -p\\ < 



-ptf 



\\TlVn - TiXn+l || 5 



1 — 2 a n k — a 2 1 — 2 a n k — a 2 

(1 O^n) (1 0^n(2& Oiji) a n (2k -t- G! n )) u 

1 - 2 a n k - a 2 

| \\TlVn ~ TlXn + i || 2 

1 — 2 a n k — a 2 

(1 \ 2 /i , a n( 2 fc + o; n ) ... .. 2 

= (1 — a n ) (1 + V— -T -^)\\Xn-p\\ 



X„ - ptf 



+ 



1 — 2a n k — a 2 
\\T\y n ~ TiX ra+ i || 2 
1 - 2a n k - oil 



m „ \2 i a n(2fc + a n )(l a„)' 1 1 2 

= ((l-a„) + — — — 2 )lFn — P|| 

J. OLj^ 

| IlFl^n - TiX ra+ i || 2 

1 — 2a n fc — cn 2 

< (1 — c^n) 2 + a n (2k + a n )||a; n — p|| 2 

| IlFl^n - ^l^n+lll 2 
1 — 2a n k — a 2 

= (1 - 2a n (l - k - a„))||a; n - p\\ 2 

| \\Tiy n - TjX^+iH 2 
1 — 2a n fc — a 2 

< (1 — 2a n (l — k — (1 — k — t 
\\TlVn - TiX n+ i\\ 2 



- pf 



+- 



( k + t ) 2 



= (l-2a„r)|K-p|| 2 + 11Tl ^ (fe+ r ^ +1 ^ 

< (1 - 2ar)\\x n - p|| 2 + - l|Tl2M " Tl ^+ 1 ll 2 



(17) 



(k + r) 2 

for all n > 0. Set A = 2 ar, p n = ||a: n - p|| 2 , = l|Tiy " ( fc+ffi +l11 • 

Lemma 1.2 ensures that £ n — > p as n — > 00 , that is, {:r„} converges strongly to the unique 
fixed point p of the T). 

Observe from inequality (17) that 

||2u-p|| 2 < (1 - 2ar)\\x 0 -p\\ 2 + M 

1^2 -p|| 2 < (1 - 2ar)\\x 1 - p\\ 2 + M 

< (1 — 2ar)[(l — 2clt)\\xo — p|| 2 + M\ + M 

= (1 — 2clt) 2 \\xo — p\\ 2 + M + M(1 — 2ar) 



- p \\ 2 < (1 - 2aT) n \\x 0 - p\\ 2 + (1 ( L! aT) 1 M, 



2 ar 
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for all n > 0, which implies that 

IK - p|| < ((1 - 2ar)\\x 0 - p|| 2 + (1 ~ (1 2 ~ r 2aT)n) M)h 

where M = sup{ (fc + T)2 \\Tiy„ - Tix n+ i|| 2 }. 

This completes the proof. 

Remarks 2.1. Theorem 2.1 improves and extends Theorem 1 of Zhang M in the following 
sense: 

(i) The continuity of the map is not necessary. 

(ii) We replaced Ishikawa iterative process by a more general modified multi-step Noor 
iterative process. 

(iii) We obtained a better convergence estimate. 

We consider iteration (6), with T t x =/* + (/— Si)x, 1 < i < p and p > 2, / the identity 
operator, {a n }, {a l n } (i = 1, • • • ,p — 2), in [0, 1) satisfying (5): 

®n + 1 — (1 ^n)^n + &n(fl + (-f ) IJn ) : 

yh = ( 1 ~ + <(/*+ 1 + U - Si+lKK. * = 1, ■ • • ,P - 2, 

y« _1 = (i - < _1 K + < _1 (/ p _i + (/ - S p )x n ). (18) 

Theorem 2.1 lead to the following result. 

Theorem 2.2. Let p > 2 be fixed, X be a real Banach space , T) : V — > X be a strongly 
pseudocontractive map and S 2 , ■ ■ ■ , S p : X — * X, such that the equation Sj.x = ft, 1 < i < p, 
have a common solution. If a, r £ (0, 1 — k), a n £ [0, 1) satisfies (5), and condition (7) is 
satisfied, then the iteration (18) converges strongly to a common solution of SiX = fi, 1 < * < p. 
Moreover, 

IK - p|| < ((1 - 2ar)l*o - p|| 2 + ( (1 ~ (1 2ffl 2 T aT)n)M )^ n > 0, 

where M = sup{ (k ^ r)2 ||Tiy n - Ti^+iH 2 }. 



§3. Numerical examples 



Let K=[ 0, 00 ) and X=(— 00 , 00 ) with the usual norm. 
The map T : K —> K is given by 



Tx = 



2(1 + a:) 



\/x £ K. 



(19) 



Then the following can easily be verified: 

(i) T is strongly pseudocontractive map. 

(ii) F(T) = {0}. 

We give an example where the modified multi-step Noor iteration (6) converges faster than 
the Ishikawa iteration (4) with {«„} in both iterations, satisfying condition (5). 
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Case *. Consider T\ = T, T 2 = 2x, p = 2 and the initial point cco=0.5. Suppose {«„} 
satisfies (5) such that a n = 0.7, Vn € N. 

Using a Python program, we observe that our assumption (case *) converges faster and 
better towards the fixed point p = 0 as shown in below Table 1. 



Table 1: Numerical Results of Iteration 



Iteration 


modified Noor 


Ishikawa 


Step 10 


0.00402 


0.11729 


Step 15 


0.00046 


0.08388 


Step 18 


0.00012 


0.07157 


Step 19 


0.00008 


0.06822 


Step 20 


0.00005 


0.06517 


Step 25 


0.0000 


0.05324 


Step 1000 


- 


0.00143 
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§1. Introduction 



Let k be a positive integer, for arbitrary integers h and m, n, the generalized Dedekind 
sums S(h,m,n,k) is defined by 

'ah' 



S{h , m, n, k) = ^ B m B n 



B n (x) = 



where 

' BJx- [*]), if x is not an integer, 

0, if x is an integer, 

with B n (x ) the Bernoulli polynomial. Some arithmetic theorems of generalized Dedekind sums 
have been studied in [1-2]. For simple examples: 

For any positive number q, we have 

S(qh,m,n : qk) = m _ 1 S(h , m, n, k). 

For a prime p, n an odd positive number, we have 

/ i \ ^ 

Y^S(h + ik,m,n,pk) = ^ ro+n _ 2 + Pj S(h,m,n,k) - ^— [ S(ph,m,n,k). 
Particularly, when p = 2, we have 

S(h+ k,m,n, 2k) = Q m ^ ra _ 2 + 2 ^ S(h,m,n,k ) - ^ ZI S(2h,m,n,k) - S(h,m,n,2k). 



x The work is supported by N.S.F. (No. 11171265) of P. R. China. 
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Partial sums method plays an important role in modern number theory. The common 
types of sums^ n<1 f(n) are those in which / is a “smooth” function that is defined for real 
arguments x. In this paper, we use it in the process of estimating sums of Generalized Dedekind 
sums, namely 

' S(h, m, n, k). 

h^N 

The basic idea for handling such sums is to approximate the sum by a corresponding 
integral and investigate the error made in the process. The following important result, known 
as Euler’s summation formula, gives an exact formula for the difference between such a sum 
and the corresponding integral. 

Euler’s summation formula. Let 0 < y < x and suppose /(f) is a function defined on 
the interval [y, a;] and has a continuous derivative there. Then 

X!' f( n )= [ [ tf\t)dt + {y}f(y)-{x}f(x), 

y<N<x J y Jx 

where {f} denotes the fractional part of f, i.e. , {t} = t — [t]. 

In 2006, Yiwei Hou studied the Dedekind Sums for m = n, namely S(h,m,n, k) = 
S(h, n, k). They gave the following fomulas: 

Let k be an integer with k ^ 3. Then for any positive real number N, 

(i) If n > 1 is an odd number, then 

J2' s ( h , n ,k) = 22 i_j 2n C(2n)C (n)fc -p~ w ) 

h^.N p\k 

+0 ( N~ n k 2+E + N 2n k~ 2n+1+e + N n k~ n+1+e ) . 

(ii) If n is a positive even number, then 

Y,'S(h,n,k) = 2 i n ^ 2n C(2n)C(n)fc[](l - p~ n ) 

h^.N p\k 

+0 (N + N~ n k 2+e + N 2n k~ 2n+x+e + N n k~ n+1+E ) . 

Together with the method in Yiwei Hou I 10 ! , the estimates of the character sums and the 
mean value theorems of Dirichlet L-function, we give two asymptotic formulas, namely 

Theorem 1.1. Let k be an integer with k ^ 3. Then for any positive real number N, we 

have 

(i) If m > 1, n > 1 are odd numbers, then 

S(h,m,n,k) = ( 2 i l™S n+2 C(m + n)C(m)fc JJ(1 - p ~ m ) 

h^N ^ ’ p\k 

+0 [N~ m k 2+e + js[ m+n k~ rn ~ n+1+e + N n k~ n+1+e ) 

(ii) If m, n are positive even numbers, then 

S(h,m,n,k) = ^ m .^ +n C{m + n)C{rn)kY[(l - p~ m ) 

h^N ^ l7r ' p|fe 

+0 ( N + N~ m k 2+e + N m+n k -m-u+l+e + N n k ~n+ 1+s) _ 
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Where 5 ^ ' denotes the summation over all h ^ N such that (h, k) = 1, i 2 = —1, e is a 

h^N 

sufficiently small positive real number which can be different at each occurrence. These results 
are obviously nontrivial for k e < N < fc 1_e . 



§2. Some lemmas 



To complete the proof of the theorem, we need the following lemmas: 

Lemma 2.1. Let k ^ 3 be an integer. Then for any integer h with (h,k) = 1, we have 
the identities 

(i) For to, n positive odd numbers, 

s (h, TO, n, k) = fcm+ „ 4 ^ )m+ra 51 d rn c r Y x(-h)L(m, x)L(n , *). 

V ' d\k ' x mod d 

X( — 1) = — 1 

(ii) For m, n positive even numbers, 

4 TO ^ . 4 ?77 1 77 1 

S(h, to, n, k) = km+n _ 1(2iiT]m+n Y W7W Y x(~h)L(m, X )L(n, x) - (2i )m+n CMCM ■ 

V ’ d\k ' X mod d y 1 

x(-l)=l 

Where x denotes a Dirichlet character modulo d , L(n , y) denotes the Dirichlet L- function cor- 
responding to x, </>(d) and £(s) are the Euler function and Riemann zeta-function, respectively. 
Proof. See reference [9]. 

Lemma 2.2. Suppose that k, a and A are positive integers, q ^ 2, q\k, then for any real 
number q e < N < q l ~ e and any integers t ^ s ^ 2, we have the asymptotic formula 

Y Y x{a)L(s,x)L(t,x) = ^C(s + t)C(s)n( 1 

a^.N x mod q p\q p\k 

(a,fc) = l X (-1) = (-1) A 

+0 (^(q)N- s+1 + ^q e N^j 



Proof. (1) If A = l(mod2), \ is an odd character mod q , Abel’s identity implies that 



L(s,x) 




y ) 

yS+l 



dy, 



L(t,x) 



y- X{m) 

' TO* 







B(x,z ) 

Z t+1 
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where A(x,y) = Y x(n), B(x,z) = Y x ( to). Thus 

q<n^.y ^ <m^.z 



Y x(a)L(s,x)L(t,x) = Y *( a ) E 



X(n) 



/• + oo 



A(x, y) 



X mod q 

x(-i)=-i 



X mod q 

x(— 1)=— 1 



<n^.q 



y sH +t 

Z—/ 777. 






r+°° 



i/s+i 



ciy 



5(X,-) 



yt -\- 1 









E xwIE^IIE 



x( m ) 



X mod (j 

x(— 1)=— 1 



i n$Cg 






m L 



+t Y *( a ) 



xM 



p+oo 



B(x,z) 



yt -\- 1 



(fa 



X mod g 

x(— 1)=— 1 



i n$^g 



+* E xwlE^ 



X mod (j 

x(— 1)=— 1 



+«* 55 x(° 

X mod q 

x(— 1)=— 1 
= Ml + M 2 + M 3 + M 4 



/*+oo 



m L 



r+oo 



A{x, y) 



i/S +1 



dy 



A(x, y) 



y 



s+1 



dy 



r-\-oo jd f — 



B(x,z) 



yt -\- 1 



dz 



say. We then have 



E E x(a)L(s, x)L(t, x) = E ( Ml + M<2 + Ms + 



(1) 



a^.N x mod q 

(a, *0=1 X(-1)=-1 



a^N 

(a,fc)= 1 



We need to estimate Mi, M 2 , M 3 and M 4 respectively, 
(i) For ( q,mn ) = 1, 



X mod q 

x(-l)=-l 

We can deduce that when a 7 2, 



|<^(g), if n = to mod 7 , 
E X(n)x(m) = ^ if n = -m mod g, 

0 , otherwise. 



«. = E x(«)|E#] I E 



x(to) 



m L 



X mod q \n^.q j \ m^. — 

x(-i)=-i 

Ihq) Y' Y' ti ~ !<%) E' E' -r- 

2 ' z — ' n s ra r 2 z — ' z — ' n s ?r 

n$Cg m^. 3 - n$$g m^. 3 - 

n=ma mod g n=—ma mod q 

rri^^ma) 8 m t (q — ma) s 
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0(g) 
2 a s 



V'— — + 0 I ^ V 

/ ^ TYl'S l ^ 



0(g) 

a s 



-4r + O 0(g) E -k 

m s ^ z / \ z — ' m E r 

/ V 



+0 0(g) E 



A< m < a_i 



g*(<7 — ma) s 



+ o 



0(g)c 



g‘(g-«[f]) S 



0(g) , 1 + 0 I' 0(g) ^ + 0 z' 0(g) 



2a“ * — ' m 

m—1 



t-\-s 



V g s 



+ o (^ ( „-. + (£,-.)) + o 

V g* 2 / \g*(g — a[f])- 

0(g) / 1 +Q f 0(g) \ , 0 ( 0(g) 

2a s ^ m*+ s 

m—1 



0(g)c 



V g s 



+o 



0(g) ,a t ~ s a* 2 s 



— (— + —)) +o f^g^ 



1 0(g) 

2 a s 






p\q 



0(g) 



+ o 



0(g) a* 



g*(g-«[*])V’ 



while in the case a = 1, the result holds with the last O-term not appearing. So that 



E = ^«»+on<i-»--> E 0+0 



/ 



a^N 
(a,k) = 1 



pk 



a^N 

(a,fc)= 1 



0(g) 



\ 



E i 



^ a<JV 
\ (a,fc) = l / 



+o 



0(g) 

g* 

J 2^a^N 
\ (a : k)= 1 



(g-«[^]) s 



(2) 



Note that 



e 7T. = «»>n( i -* , ") +o ( jv 



— S+l\ 



a^N 
(a,k )= 1 



p|/c 



( 3 ) 



and 



E ( a l ir « Nt E E k <<iVt 

2^a^N \ q LaJ/ u^g-1 a<AT 

(a,/c) — 1 g— a[^]=ii 



d(g — u) 



<C IV* g e 



where d(q — u) is the divisor function. Inserting (3) and (4) into (2), we have 



e m, = ^ f (- + *)cwn( i -p- i )n( i -p-') 

a^.N p\q p\k 

(a,fc) = 1 



( 4 ) 



+0 (fW) + O (0(g)iV- s+1 ) . 



( 5 ) 
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(ii) 



E M ^ 

a^N 
( a,k)=l 



E * E x(°) 

a^.N x mod q 
(a,fc)=l x( — 1)=— 1 





B(x,z) 

z t+l 




E 1 E *( a ) 

a^N x mod q 

(a, *0=1 x( — 1) — — 1 





z t+1 




+ E * E *(«) E^ 

a^N x mod <7 \n^.q 




B(x,z) 

z t+i 




E 4 E *( a ) 

a^.N x mod q 

(a,fc)=l x(-l)=-l 





B(x,z) 

z t+1 




+ E * 

a^N 

(a,fc)= 1 




E x(°) 

X mod <? 

_x(-i)=-i 








( 6 ) 



Note that 



E 1 E *(a) 

a^N x mod q 
(a,fc) = l x(-l)=-l 





s(x,*) 

2 t+1 




/ \ 




E E i 

(a,fc)=l 

n=±ma mod q 



dz 



< ^)En 



n^q 



n a 



rq N zq e , ^(g) Art e 

-dz < 



'a gz t+1 



( 7 ) 



where we have used the fact that for any fixed positive integers l and m, the number of the 
solutions of equation an = lq+ m (for all positive integers a and n ) is -C q e . 

On the other hand, 

E *(a) (e^t) E xH«^)E' E' 

x mod q \n ^q J ^<m^z l<m^z<q+^ 

X-(— 1 ) — — 1 n=±ma mod q 
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hence 



E * 

a^N 
(a,k )= 1 

« £ J 

a^N 
(a,k )= 1 



f-\-oo 



E X(a) E 



X(n) 






yt~\~ 1 



dz 



X mod q \ 

+ " 4 J« M W . 



With ( 7 ) and (8), we obtain 



E M 2 < 

a^N 
(a,k )= 1 



0(g) 

q t 



N l q s . 



(8) 



( 9 ) 



(iii) Changing the order of the summation and the integration implies that 



M 3 = s 




E *'( a ) 

X mod q 

_x(— 1)=— 1 




Mx , y ) 



l 

yS+l 



dy. 



In order to estimate the integrand in M3, we may replace A(\,y) by 



E and s et 

n^.y<q 



£ *(«>(£ ^? £ *(») « *<«) £'^' 1 
X mod q \m<- / n^.y<q n<q 

x(-i)=-i 



n——ma mod q 



■««)£' £ 

n=ma mod q 



, 1 



m 6 



< 0(g)- 



So that 



E M 3 


- - E 


r +00 

Jq 


1 

M 


y- xM 


E xw 


a^N 
a,k)= 1 


a^N 
( a,k)= 




X mod q 

_x(— 1 )=— 1 


\m^§ / 


n^y<q 



i/S + l 



dy 



« E 

a^.N 

(a,k)=l 



/*+ 00 



0(g) , ^ 0(g) 



i/S +1 



dy < — — TV. 



(10) 



(iv) 



E 

a^N 

(a,k)—l 



Ma = 



a^N 
(a,k )= 1 



E *( a ) i s 

X mod q \ J q 

Lx(-i)=-i 



r*+oo 



A { x , y ) . 

7/ S + 1 



(*+00 77 /— 



dy U 



£(X> z) 



r t+l 
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p+oo /*+oo 



< 



\ 



E E* E' E x(n)x{ma) 



i<a^N ^<m<z q<n<y x mod <2 
\(o,fe)=l a X(- 1)=-1 

\ 



yS~\~l gt ~ (“I 



dydz 



< 0(q) 



< 0(d) 



(*+00 /*+oo 



p+OO /*+oo 



c?7V 



E E' E'i 

iq 

0(q) 



( a,k)=l 

n=±ma mod q 



l l 

y s ~\~ 1 



y s ~^~ 1 ^“l - ! 



/ 



dydz 



dydz <C 



yS+t— 1 



iV 4+1 . 



The lemma for A = l(mod2) follows from (1), (5), (6), (10) and (11). 

(2) If A = 0(mod2), % is an even character mod q. Note that when ( q,mn ) = 1, 



( 11 ) 



E aWxH = 1 2 



x mod g 

x(-i)=i 



20 (q), if n = ±m mod q, 
0, otherwise. 



Using the same methods as previous, we can easily obtain the lemma for this case. This 
completes the proof of the lemma. 



§3. Proof of the theorem 



In this section, we will complete the proof of the theorem. 

(i) If m, n are odd numbers with ?n, n > 1, we will get from 1) of Lemma 2.1 that 



' S(h, m, n, k) 

h^N 



E 



4?n!n! 

fcm+n- 1 ( 2 * 71 -) m+n 



E 



^rn-\-n 

(, P(d ) 



E x(-h)L(m,x)L{n,x) 

X mod d 

x(-i)=-i 



4m!n! 

j^m+n— 1 f 2^yj-')nr+n+2 



E 



yrri-\-n 

0(d) 



E' 

h^N 



E x(h)L(m,x)L(n,x)- 

X mod d 
x(-l)=-l 



From Lemma 2.2, we can deduce that 



'y^ 1 S(h, 77i, n, k) 



h<N 



4m\n\ 



yrn-\-n 



f,m+n-1^2i 7 r )m+n+2 Z__j ^) 



E 



0(d) 



C (m + n)C(m) ]J(1 - p~ m ~ n ) [](1 - P~ m ) 



p\d 



p\k 
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Note 



+ O \^{d)d- m+1 
2 mini 



N] ~m +1 (N 

7 +Md& i 



km+n-l(2iTt) m +' 

+o ■ 1 



^((m, + n)C(m) £ d m+n - P“ m “") IR 1 " *"”* ) 

d\k p\d p\k 



Js.m-\-n— 1 






d\k 



— n+1 



E rf 

d\k 



m+n+e 



iv 1 " 



(12) 



Y- d m+« J-J-^ _ p -m-nj = j. 



,m+n 






p\d 



(13) 



d|/c 



— m+1 



d\k 

d>N 



N 



—m+1 



= X> +1 7 + E‘*” +1 T 



d<N 



N 



d\k 

d>N 



N 



« E ^” +1 t +E rf 



—m+1 



jn+1 



d|/c 

d<N 



—m+1 



—m+1 



7V _ m ^m+n+l+e: _|_ jym+n^e 



(14) 



and 



d|/c 



the last O-term of (12) can be estimated as 



Y d m+n+e < N n k m+e , 

/-7l U ^ ' 



y^m+n- 






— m+1 



E rf 

d|/c 



m+n+e 



TV 



N~ m k 2+e + jv m+n fc _rn_n+1+E + 7V n fc _ra+1+e 

Combining with (12) and (13), we get the first part of the theorem. 

(ii) If m, n are positive even numbers, we will get from (ii) of Lemma 2.1 that 



= E' 



7 S(h, m , n, A:) 
4m!n! 



h<N 



h<N 



E 






fe m +"— i(2i+ m + n ^ <6(d) 

% mod dx(— 1) = 1 



E x(-h)L(m,x)L(n,x) 



4 min! 

(27r)m+n 

4?n!?r! 



C(m)C(n) 



d m + 



/fc rn + n -i(2i7i-) m +" ^ d>(d) 

V ' dlfc rV ' h^N X mod d 

x(-i)=i 



(15) 



(16) 



EEEf^E , E x(h)L(m,x)L(n,x) +0(N). (17) 
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Lemma 2.2 indicates that 



1 S(h, m, n, k) 

h^N 



2 mini 



f c m+n-l( 2 i 7r ')m+n 

1 



+ 0 



Jvm-\-n— 1 



C(to + n)C(m) £ d m+ " n ^ 1 - IK* - P"”*) 

d|/c p\d p\k 

— m+1 



d|fc 



y ^ ^ra+n+e 
d|/c 



o(JV). 



We apply the same methods of (i) in the theorem to obtain (ii). This completes the proof 
of the theorem. 
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Abstract If A is a nonzero isolated point of the spectrum of A; “-paranormal operator T for 
a positive integer k, then the Riesz idempotent operator E of T with respect to A satisfies 
E\H = ker(T— A) = ker(T — A)* and E\ is self-adjoint. We prove that if T is an algebraically 
A; “-paranormal operator for a positive integer k, then spectral mapping theorem and spectral 
mapping theorem for essential approximate point spectrum hold for T, Generalised Weyl’s 
theorem holds for T and other Weyl type theorems are discussed. 
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§1. Introduction and preliminaries 

Let B{H ) be the Banach algebra of all bounded linear operators on a non-zero complex 
Hilbert space H. By an operator T, we mean an element in B(H). If T lies in B(H ), then 
T* denotes the adjoint of T in B{H). The ascent of T denoted by p(T), is the least non- 
negative integer n such that ker T n = ker T n+1 . The descent of T denoted by q(T) is the 
least non-negative integer n such that ran(T n ) = ran(T n+1 ). T is said to be of finite ascent if 
p(T— A) < oo, for all A G C. If p(T) and q(T) are both finite then p{T) = q(T) ([11], Proposition 
38.3), Moreover, 0 < p{\I — T) = q{\I — T) < oo precisely when A is a pole of the resolvent of 
T. 

An operator T is said to have the single valued extension property ( SVEP ) at Ao € C , if 
for every open neighborhood U of Ao, the only analytic function f : U —> X which satisfies the 
equation (A I — T)/( A) = 0 for all A £ U is the function / = 0. An operator T is said to have 
SVEP, if T has SVEP at every point A £ C. An operator T is called a Fredholm operator if 
the range of T denoted by ran(T) is closed and both ker T and ker T* are finite dimensional and 
is denoted by T £ &(H). An operator T is called upper semi-Fredholm operator, T £ <1 > + (H), if 
ran(T ) is closed and ker T is finite dimensional. An operator T is called lower semi- Fredholm 
operator, T £ <1 >_(ff), if ker T* is finite dimensional. The index of a semi-Fredlrolm operator is 
an integer defined as ind(T) = dim ker T — dim ker T*. An upper semi-Fredlrolm operator, with 
index less than or equal to 0 is called upper semi- Weyl operator and is denoted by T G <F^(IF). 
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A lower semi-Fredholm operator with index greater than or equal to 0 is called lower semi-Weyl 
operator and is denoted by T G A Fredholm operator of index 0 is called Weyl operator. 

An upper semi-Fredholm operator with finite ascent is called upper semi-Browder operator 
and is denoted by T G B + (H) while a lower semi-Fredholm operator with finite descent is 
called lower semi-Browder operator and is denoted by T G B_(H). A Fredholm operator with 
finite ascent and descent is called Browder operator. Clearly, the class of all Browder operators 
is contained in the class of all Weyl operators. Similarly the class of all upper semi-Browder 
operators is contained in the class of all upper semi-Weyl operators and the class of all lower 
semi-Browder operators is contained in the class of all lower semi-Weyl operators. An operator 
T is Drazin invertible, if it has finite ascent and descent. 

For an operator T and a non-negative integer n, define TL i to be the restriction of T 
to R(T n ) viewed as a map from R(T n ) into R{T n ). In particular, Xj 0 ] = T. If for some 
integer n, R(T n ) is closed and 7}„- is an upper(resp. a lower) semi-Fredholm operator, then 
T is called an upper(resp. lower) semi-B-Fredhom operator. Moreover if T[„] is a Fredholm 
operator, then T is called a B-Fredholm operator. A semi-B-Fredholm operator is an upper or 
a lower semi-B-Fredholm operator. The index of a semi-B-Fredholm operator T is the index 
of semi-Fredholm operator Tj d i, where d is the degree of the stable iteration of T and defined 
as d = inf{?r e N ; for all m G N, m>n=> ( R(T n ) n N(T)) C (R(T m ) D N(T))}. T is called 
a B-Weyl operator if it is B-Fredholm of index 0. 

The spectrum of T is denoted by cr(T), where 

cr(T) = {A G C : T — XI is not invertible}. 

The approximate point spectrum of T is denoted by cr a (T), where 
a a {T) = {X G C : T — A/ is not bounded below}. 

The essential spectrum of T is defined as 

a e (T) = {X G C : T — XI is not Fredholm}. 

The essential approximate point spectrum of T is defined as 
Vea(T) = {X G C : T - XI i $;(B)}. 

The Weyl spectrum of T is defined as 

w(T) = {X G C : T — XI is not Weyl}. 

The Browder spectrum of T is defined as 

< 7b(T ) = {X G C : T — XI is not Browder}. 

The set of all isolated eigenvalues of finite multiplicity of T is denoted by 7 Too(T) and the 
set of all isolated eigenvalues of finite multiplicity of T in a a (T ) is denoted by 7 Tq 0 (T). poo{T ) is 
defined as poo (T) = cr(T) — ab(T). E(T) denotes the isolated eigenvalues of T with no restriction 
on multiplicity. 
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The £?-Weyl spectrum ctbw(T) of T is defined by 

&bw{T) = {\ £ C : T — A/ is not a B-Weyl operator}. 

We say that Weyl’s theorem holds for T if T satisfies the equality 

a(T) - w(T) = 7t 0 o(T) 

and a- Weyl’s theorem holds for T I 17 !, if T satisfies the equality 

a a(T) — a ea (T) = 7Tq 0 (T). 

We say that T satisfies generalized Weyl’s theorem if 

<r(T) - <t BW (T) = E(T). 

We say that T satisfies property (w) if 

o- a (T) - a ea (T ) = 7t 0 o(T) 



and T satisfies property (b) if 

cr a (T) - a ea (T) = poo(T). 

By [7], if Generalized Weyl’s theorem holds for T, then Weyl’s theorem holds for T. 

An operator T is called normaloid if r(T) = ||T|| , where r(T) = sup{|A| : A £ cr(T)}. An 
operator T is called hereditarily normaloid, if every part of it is normaloid. 

An operator T is called polaroid if isoa(T ) C n(T), where n(T) is the set of poles of the 
resolvent of T and isocr(T) is the set of all isolated points of <j(T). An operator T is said to be 
isoloid if every isolated point of cr(T) is an eigenvalue of T. An operator T is said to be reguloid 
if for every isolated point A of cr(T), XI — T is relatively regular. An operator T is known as 
relatively regular if and only if kerT and T( X) are complemented. Also Polaroid => reguloid 
=> isoloid. 

K. S. Ryoo and P. Y. Sik defined fc*-paranormal operators in [18], k being a positive integer 
and showed that *-paranormal operators form a proper subclass of fc*-paranormal operators for 
k > 3, and /c*-paranormal operators are normaloid. 

In this paper, we prove that fc* -paranormal operators have H property and if 0 ^ A is an 
isolated point of the spectrum of fc*-paranormal operator T for a positive integer k, then the 
Riesz idempotent operator E of T with respect to A satisfies E\H = ker(T — A) = ker(T — A)*. 
We also show that if T is fc*-paranormal operator, then T is polaroid and Weyl’s theorem hold 
for both T and T* . If in addition T* has SVEP, then a- Weyl’s theorem hold for both T and 
T* and also for f(T) for every / £ H(a(T )), the space of all analytic functions on an open 
neighborhood of spectrum of T. 

We define algebraically fc*-paranormal operators and prove that if T is algebraically k*- 
paranormal, then Generalised Weyl’s theorem hold for T and Weyl’s theorem hold for T and 
/(T), for every / £ H(cr(T)), T is polaroid and hence has SVEP. We prove that if either 
T or T* is algebraically fc*-paranormal, then spectral mapping theorem holds for essential 
approximate point spectrum of T. Other Weyl type theorems are also discussed. 
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§2. Definition and properties 



In this section, we charecterise fc*-paranormal operators and using Matrix representation, 
we prove that the restriction of /c*-paranormal operators to an invariant subspace is also k*- 
paranormal and ker(T — A) C ker(T — A)*. 

Definition 2.1. 1 18 ! An operator T is called /c*-paranormal for a positive integer k, if for 
every unit vector x in H , ||T fe ir|| > ||T*x|| fe . 

Example 2.1. Let H be the direct sum of a denumerable number of copies of two dimen- 
sional Hilbert space R x R. Let A and B be two positive operators on R x R. For any fixed 
positive integer n, define an operator T = Ta,b,u on H on as follows: 

T{{ xi,x 2 , X3,---)) = (0, A(xi),A(x 2 ),- ■ ■ , A(x n ), B(x n+ 1 ), • • • )• 

Its adjoint T* is given by 



T*((x i, x 2 , x 3 , ■ ■ ■ )) = (A(x 2 ),A(x 3 ), • ■ ■ , A(x n ),B(x n+1 ), ■■■'). 

Let A and B are positive operators satisfying A 2 = C and B 4 = D, where C = 



1 1 
1 2 



and D = 



1 2 
2 8 



, then T = Ta,b,u is of fc*-paranormal for k = 1. 



Theorem 2.1.I 18 ! For k > 3, there exists a &*-paranormal operator which is not *- 
paranormal operator. 

Theorem 2.2.I 18 ! If T is a fc*-paranormal operator, then T is normaloid. 

Theorem 2.3. An operator T is fc*-paranormal for a positive integer k if and only if for 
any fj, > 0, 

T* k T k - k^TT* + (k ~l)n k > 0. 

Proof. Let n > 0 and x £ H with ||x|| = 1. Using arithmetic and geometric mean 
inequality, we get 



fc+1 |r fc | 2 x, x^j + ^ ^ (fj,x,x) > (ji k+1 \T k \ 2 x,x^ k (fix,x) 



fc -1 

k 



= \\T k x\\ h 



> II T*x\\ 2 
= ( TT*x , x) . 



Hence 



^j^(\T k \ 2 x, x^ + - {TT*x,x) > 0. 

T* k T k - kfi^TT* + (k — 1 )/ > 0. 



Conversely assume that T* k T k - k^ k ~ 4 TT* + (k - l)^ k > 0. 

If ||T*a;|| = 0, then the /c*-paranormality condition is trivially satisfied. 
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If a : £ H with ||T*x|| 0 and ||x|| = 1, taking // = ||T*x|| , we get 



||T x|| > \\T*xf . 

Hence T is fc*-paranormal. 

Theorem 2.4. If T £ B(H) is a /c*-par a, normal operator for a positive integer k, T 

Ti T 2 



does not have a dense range and T has the following representation: T = 



on 



0 T, 



H = ran(T) © ker(T*), then Tj is also a fc*-paranormal operator on ran(T) and T 3 = 0. 
Furthermore, er(T) = cr(Ti) (J {0}, where er(T) denotes the spectrum of T. 

T x 0 



Proof. Let P be the orthogonal projection onto ran(T). Then 
Since T is of fc*-paranormal operator, by Theorem 2.3, 

p(T* k T k _ kfjL k ~ 1 TT* + (k - 1 )/i k )P > 0. 

Hence 



= TP = PTP. 



0 0 



Hence 



T* k T k - fc/r fc_1 (TiTf + T 2 T 2 *) + (k - l)/u te > 0. 



T* k T k - V^TiT* + (fc - 1 )// > jfc/x*- 1 |T 2 *T > 0. 



Hence Tj is also fc*-par a, normal operator on ran(T). 
x\ 



Also for any x = 



(T 3 x 2 , x 2 ) = (T(I - P)x, (/ - P)x) = <(/ - P)x, T*(I - P)x) = 



X 2 



0. Hence T 3 = 0. By ([10], Corollary 7), cr(Ti) (J <t(T 3 ) = cr(T) (J r, where r is the union of cer- 
tain of the holes in <r(T) which happen to be a subset of cr(Tj) fj a (T 3 ), and er(Tj) fj a(T 3 ) has 
no interior points. Therefore a(T) = er(Ti) [J a(T 3 ) = a(T\) [J {0}. 

Theorem 2.5. If T is fc*-paranormal operator for a positive integer k and M is an ivariant 
subspace of T, then the restriction T\m is fc*-paranormal. 

T\ 0 



Proof. Let P be the orthogonal projection onto M. Then | \ = TP = PTP. 

Since T is of fc*-paranormal operator, by Theorem 2.3, 

P{T* k T k - kfi^TT* + (k - l)n k )P > 0. 

Hence 

T* k T k - kfj, k - 1 (T 1 T^ + T 2 T 2 *) + (k - 1)/ > 0. 

Hence 

T* k T k - k^T^Tl +(k- 1)/ > jfc/ -1 |T 2 *| 2 > 0. 

Hence Tj, i.e., T\ M is also fc*-paranormal operator on M. 

Theorem 2.6. If T is fc*-paranormal operator for a positive integer fc, 0 y^ A £ cr p (T) and 
A T 2 ^ 



T is of the form T = 



0 T 3 



on ker(T — A) © ran{T — A)*, then 
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(i) T 2 = 0, 

(ii) T 3 is fc*-paranormal. 

A T 

Proof. Let T = ' 



0 T 3 

assume that A = 1. Then by Theorem 2.3 for n = 1, 

0 < T* k T k - kfi k ~ 1 TT* + (k - 1)/ = 



on ker(T — A) ® ker(T — A)*. Without loss of generality 



X Y 
Y* Z 



where A' = -T 2 T 2 *, Y = T 2 +T 2 T 3 +- ■ ■+T 2 T k ~ 1 -kT 2 T^ and Z = Y*Y+T£ k T£-kT 3 T£+{k-l). 
A matrix of the form I ) > 0 if and only if X > 0, Z > 0 and Y = X l ! 2 W Z 1 ! 2 , for 

\y*zj 

some contraction W. Therefore T 2 T 2 = 0 and T 3 is fc*-paranormal. 

Corollary 2.1. If T is fc*-paranormal operator for a positive integer k and ( T — A)x = 0 
for A yf 0 and x £ H, then ( T — X)*x = 0. 

Corollary 2.2. If T is fc*-paranormal operator for a positive integer k, 0 / A £ er p (T), 
A 0 N 



then T is of the form T = 
and ker(T 3 — A) = {0}. 



0 T 3 



on ker(T — A) (Bran(T — A)*, where T 3 is fc*-paranormal 



§3. Spectral properties 

If A e isoa(T), the spectral projection (or Riesz idempotent) E\ of T with respect to A 
is defined by E\ = J dD (z — T)~ l dz, where D is a closed disk with centre at A and radius 
small enough such that Df]a(T) = {A}. Then Ef = E\, E\T = TE\ , cf{T\ E xH ) — {A} and 
ker(T - A) C E X H. 

In this section, we show that fc*-paranormal operators have ( H ) property and if A G cr(T) 
is an isolated point, then E\ with respect to A is self-adjoint and satisfies E\H = ker(T— A) = 
ker(T — A)*. Weyl’s theorem hold for both T and T* and if T* has SVEP , then a-Weyl’s 
theorem hold for both T and T*. 

Theorem 3.1. If T is /c*-paranormal operator for a positive integer k and for A G 
C, <t(T) = A then T = A. 

Proof. If A = 0, then since fc*-paranormal operators are normaloid ([18], Theorem 9), 
T = 0. Assume that A / 0. Then T is an invertible normaloid operator with <r(T) = A. 
Xj = jT is an invertible normaloid operator with er(Tj) = {1}. Hence Tj is similar to an 
invertible isometry B (on an equivalent normed linear space) with a(B) = 1 ([12], Theorem 2). 
Tj and B being similar, 1 is an eigenvalue of T\ = jT ([12], Theorem 5). Therefore by theorem 
1.5.14 of [14], Ti = I. Hence T = A. 

Theorem 3.2. If T is fc*-paranormal operator for some positive integer fc, then T is 
Polaroid. 

Proof. If A G iso<j[T ) using the spectral projection of T with respect to A, we can write 
T = T\ ® T 2 where cr(T 1 ) = {A} and er(T 2 ) = <x(T) — {A}. Since T\ is fc*-paranormal operator 
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and cr(Ti) = {A}, by Theorem 3.1, Tj = A. Since A ^ cr(T 2 ), T 2 — A I is invertible. Hence both 
T\ — XI and T 2 — XI and hence T — XI have finite ascent and descent. Hence A is a pole of the 
resolvent of T. Hence T is polaroid. 

Corollary 3.1. If T is /c*-paranormal operator for some positive integer k, then T is 
reguloid. 

Corollary 3.2. If T is /c*-paranormal operator for some positive integer k, then T is 
isoloid. 

Theorem 3.3. If T is fc*-paranormal operator for a positive integer k and A £ cr(T) is 
an isolated point, then the Riesz idempotent operator E\ with respect to A satisfies E\H = 
ker (T — A). Hence A is an eigenvalue of T. 

Proof. Since ker(T — A) C E\H , it is enough to prove that E\H C ker(T — A). Now 
ct(T\e x h) = {A} and T\e x h is £;*-paranormal. Therefore by Theorem 3.1, T\e x h = A. Hence 
E\H = ker(T — A). 



Theorem 3.4. Let T be a fc*-paranormal operator for a positive integer k and A ^ 0 be an 
isolated point in a (T). Then the Riesz idempotent operator E\ with respect to A is self-adjoint 
and satisfies E\H = ker(T — A) = ker(T — A)*. 



Proof. Without loss of generality assume that A = 1. Let T = 



1 t 2 



on ker(T — 



y ° t 3 j 

A) © ran(T— X)*. By Theorem 2.6, T 2 = 0 and T 3 is fc*-paranormal. Since 1 € isotr{T ), 
either 1 G isoa(T 3 ) or 1 ^ cr(T 3 ). If 1 £ isocr(T 3 ), since T 3 is isoloid, 1 £ cr p (T 3 ) which 
contradicts ker(T 3 — A) = {0} ( by Corollary 2.2). Therefore 1 ^ cr(T 3 ) and hence T 3 — 1 is 
invertible. Therefore T — 1 = 0® (T 3 — 1) is invertible on H and ker(T — 1) = ker(T— 1)*. Also 

E *=2 h = 2¥I fdD ^ 0 X) ^ ^ j = ( 0 0 ) ' Therefore 

E\ is the orthogonal projection onto ker(T — A) and hence E\ is self-adjoint. 

Let T £ L(X) be a bounded operator. T is said to have property ( H ) if H 0 (XI — T) = 
ker (A/ - T), where H 0 (T) = {x £ X : li mrwoo ||T"a;|| 1/n = 0}. By [13], E X H = H 0 (XI - T). 
Hence by Theorem 3.3, fc*-paranormal operators have (H) property. Hence by Theorems 2.5, 
2.6 and 2.8 of [3], we get the following results: 

Theorem 3.5. If T is fc*-paranormal operator for some positive integer fc, then T has 
SVEP , p(XI — T) < 1 for all A £ C and T* is reguloid. 

Theorem 3.6. If T is fc*-paranormal operator for some positive integer k, then Weyl’s 
theorem holds for T and T*. If in addition, T* has SVEP, then a-Weyl’s theorem holds for 
both T and T* . 

Theorem 3.7. If T is fc*-paranormal operator for some positive integer k and T* has 
SVEP, then a-Weyl’s theorem holds for /(T) for every / £ H(a(T)). 



§4. Algebraically /c*-paranormal operators 

In this section, we prove spectral mapping theorem and essential approximate point spectral 
theorem for algebraically £:*-paranormal operators and also show that they are polaroids. 
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Definition 4.1. An operator T is defined to be of algebraically fc*-paranormal for a 
positive integer k , if there exists a non-constant complex polynomial p(t) such that p(T ) is of 
class fc*-paranormal. 

If T is algebraically fc*-paranormal operator for some positive integer k. then there exists 
a non-contant polynomial p{t) such that p(T) is k* -paranormal. By the Theorem 3.5, p(T ) is 
of finite ascent. Hence p(T) has SVEP and hence T has SVEP ([14], Theorem 3.3.6). 

Theorem 4.1. If T is algebraically fc*-paranormal operator for some positive integer k 
and <j(T) = p 0 , then T — p 0 is nilpotent. 

Proof. Since T is algebraically fc*-paranormal there is a non-constant polynomial p(t) 
such that p(T) is /c*-paranormal for some positive integer k, then applying Theorem 3.1, 

<r(p(T)) = P( cr ( T )) = Mmo)} implies p(T) = p{p 0 )- 

Let p(z) - p(p 0 ) = a(z - po) k °(z ~ Pi) kl •■■{z- g t ) kt where pj ^ p s for j / s. 

ThenO = p(T)-p(p 0 ) = a(T-p 0 ) k °(T-p i) fcl • • • ( T-p t ) kt . Since T-pi, T-p 2 , • • ■ , T-p t 
are invertible, (T — po) k ° = 0- Hence T — p o is nilpotent. 

Theorem 4.2. If T is algebraically fc*-paranormal operator for some positive integer k, 
then w(f(T)) = f(w(T)) for every / £ Hol(cr(T)). 

Proof. Suppose that T is algebraically fc*-paranormal for some positive integer k, then 
T has SVEP. Hence by ([11], Proposition 38.5), ind(T — A) < 0 for all complex numbers A. 
Now to prove the result it is sufficient to show that f(w(T)) C w(f(T)). Let A £ f(w(T)). 
Suppose if A ^ w(f(T)), then f(T) — XI is Weyl and hence ind(f(T ) — A) = 0. Let f(z) — A = 
(z - AiX* - A 2 ) . . . (z - X n )g{z). Then f(T) - A = (T - A,)(T — A 2 ) • • • (T — A n )g(T) and 
ind(f(T) — A) = 0 = ind(T — Ai) + ind(T — A 2 ) + • • ■ + ind(T — A n ) + indg(T). Since each of 
ind(T — Ai) < 0, we get that ind(T — A,) = 0, for all* = 1, 2, • ■ ■ , n. Therefore T — A , is weyl 
for each i = 1, 2, ■ ■ ■ , n. Hence A i ^ w(T) and hence A ^ f(w(T)), which is a contradiction. 
Hence the theorem. 

Theorem 4.3. If T or T* is algebraically fc*-paranormal operator for some positive integer 
k, then a ea (/(T)) = / (a ea (T)) . 

Proof. For T £ B(H), by [16] the inclusion a ea {f{T )) C /(cr ea (T)) holds for every 
/ £ H (<j(T)) with no restrictions on T. Therefore, it is enough to prove that /(c ea (T)) C 
<Aa (/(T)) . 

Suppose if A ^ (Tea (/(T 1 )) then f(T) — A £ $^(ff), that is f(T) — A is upper semi-Fredholm 
operator with index less than or equal to zero. Also f(T)—X = c(T— a\)(T— a 2 ) • ■ ■ ( T—a n )g(T ), 
where g(T ) is invertible and c, ati, a 2 , ■ ■ ■ , a n £ C. 

If T is algebraically fc*-paranormal for some positive integer fc, then there exists a non- 
constant polynomial p(t) such that p(T) is fc*-paranormal. Then p(T) has SVEP and hence 
T has SVEP. Therefore ind(T — o,) < 0 and hence T — £ 4>^(H) for each i = 1, 2, • • • . n. 

Therefore A = /(ttj) ^ / (cr ea (T)) . Hence a ea (/(T)) = / (<r ea (T)) . 

If T* is algebraically £;* -paranormal for some positive integer fc, then there exists a non- 
constant polynomial p(t) such that p(T*) is fc*-paranormal. Then p(T*) has SVEP and hence 
T* has SVEP. Therefore ind(T — ai) > 0 for each * = 1,2,--- , n. Therefore 0 < T,™ =1 ind(T — 
ai) = ind(f(T ) — A) <0. Therefore ind(T — ai) = 0 for each i — 1,2, ,n. Therefore 
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T — ai is Weyl for each i = 1, 2, • • ■ , n. (T — a,) £ $ + (H) and hence cti £ <r ea (T). Therefore 
A = f(a t ) f ( a ea (T )) . Hence a ea (/(T)) = / ( a ea {T )) . 



Theorem 4.4. If T is algebraically fc*-paranormal operator for some positive integer k, 
then T is polaroid. 

Proof. If A £ iso<j[T) using the spectral projection of T with respect to A, we can write 
T = Ti®T 2 where cr(Ti) = {A} and <t(T 2 ) = cr(T) — {A}. Since T) is algebraically fc*-paranormal 
operator and cr(Xj) = {A}, by Theorem 4.1, T\ — XI is nilpotent. Since A ^ cr(T 2 ), T 2 — XI is 
invertible. Hence both Tj — XI and T 2 — XI and hence T — XI have finite ascent and descent. 
Hence A is a pole of the resolvent of T. Hence T is polaroid. 

Corollary 4.1. If T is algebraically fc*-paranormal operator for some positive integer k, 
then T is reguloid. 

Corollary 4.2. If T is algebraically fc*-paranormal operator for some positive integer k, 
then T is isoloid. 

§5. Generalised Weyl’s theorem and other Weyl type the- 
orems 

In this section, we prove Generalised Weyl’s theorem for algebraically fc*-paranormal op- 
erators and discuss other Weyl type theorems. 

Theorem 5.1. If T is algebraically fc*-paranormal operator for some positive integer k, 
then generalized Weyl’s theorem holds for T. 

Proof. Assume that A £ cr(T) — <Jbw(T), then T — A is U-Weyl and not invertible. Claim: 
A £ da(T). Assume the contrary that A is an interior point of <r(T). Then there exists a 
neighborhood U of A such that dim N(T — fi) > 0 for all n in U. Hence by ([9], Theorem 10), 
T does not have SVEP which is a contradiction. Hence A £ da(T) — <jbw{T)- Therefore by 
punctured neighborhood theorem, A £ E{T). 

Conversely suppose that A £ E(T). Then A is isolated in a(T). Using the Riesz idempotent 



and cr(T 2 ) = a(T) — {A}. Then by Theorem 4.1, T) — A is nilpotent. Since A ^ <t(T 2 ), T 2 — A is 



both finite ascent and descent. Hence T—X is Drazin invertible. Therefore, by ([6], Lemma 4.1), 
T — A is H-Fredlrolm of index 0. Hence A £ a(T) — <Jbw(T). Therefore er (T) — ctbw(T) = E(T). 

Corollary 5.1. If T is algebraically fc*-paranormal operator for some positive integer k, 
then Weyl’s theorem holds for T. 

By ([4], Theorem 2.16) we get the following result: 

Corollary 5.2. If T is algebraically fc*-paranormal for some positive integer k and T* has 
SVEP then a-Weyl’s theorem and property (w) hold for T. 

Theorem 5.2. If T is algebraically fc*-paranormal operator for some positive integer k, 
then Weyl’s theorem holds for f(T), for every / £ Hol(<r(T)). 




where cr(Ti) = {A} 



invertible. Hence both T\ — X and T 2 — A have both finite ascent and descent. Hence T—X has 
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Proof. For every / £ H(a(T)), 

cr (/( T )) ^ 7Too(/(X')) = /(er(T) - 7r 00 (T)) by ( [15], Lemma ) 

= f(w(T)) by Theorem 5.2. 

= w(f(T)) by Theorem 4.3. 

Hence Weyl’s theorem holds for f(T), for every / £ H(a(T)). 

If T* has SVEP , then by ([1], Lemma 2.15), a ea (T ) = w(T) and cr(T) = cr a (T). Hence we 
get the following results: 

Corollary 5.3. If T is algebraically fc*-paranormal for some positive integer k and if in 
addition T* has SVEP , then a-Weyl’s theorem holds for f(T) for every / £ H(a(T)). 

Corollary 5.4. If T* is algebraically k* -paranormal for some positive integer k, then 
w(f(T)) = f(w(T)). 

By ([1], Theorem 2.17), we get the following results: 

Corollary 5.5. If T is algebraically fc*-paranormal for some positive integer k and T* has 
SVEP then property (6) hold for T. 

Corollary 5.6. If T is algebraically fc*-paranormal for some positive integer k, Weyl’s 
theorem, a- Weyl’s theorem, property (w) and property (6) hold for T* . 
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